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ABSTRACT 
The mechanics of a layer, many particle diameters thick, 
of a particle fluid s ystem where the particles are large and 
exist at high concentrations is examinedo 
Two distinct matters are examined, the first being the 
development of equations describing the overall characteris~ 
tics of the system if the "local" equations governing the 
system at a point are known 9 and the second being the develop-
ment of these local equations for large particleso 
It is shown thatp if the local equations describing the 
dispersive stress - shear stress relationship and the stress ~ 
rate of strain relationship are single valued functions of 
the concentration, then the concentration profile in the bed 
of an open channel can be obtained by integrating a first 
order differential equation and the velocity profile obtained 
by carrying out a further integrationo 
A method of obtaining the local equations is developed 
using previous results from a theory of a gas of rigid elastic 
sphereso Using these results and an equation derived from the 
calculated energy dissipation~ local equations are developed. 
Results obtained theoretically are compared with previous 
experimental results and also with the results obtained using 
an open channel with a bed of gravel particleso A signifi-
cant discrepancy between the results predicted by the theory 
developed and the results found by experiment was observed 
at high concentrationso 
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CHAPTER 1 
I N T R 0 D U C T I 0 N 
SCOPE OF THESIS 
·nn: Lll3Rl\R1' 
UNIVEI~~;:TY or C~N1'ERBUI1.\' 
CHitlSTCHURCH, N.Z. 
In this thesis, a mathematical model of a system of 
discrete particles dispersed in a fluid is developed~ The 
model applies to large particles at high concentrations in a 
steady shear flow. 
HISTORICALJ!Q!_g, 
General Trends in Sediment Transport Studie~ 
This thesis is particularly directed to the problem of a 
fluid flowing over a non- cohesive bed of particles; prediction 
of the behaviour of such a system has occupied many previous 
workers and proved very difficult , The system of a flow over 
·a non- cohesive bed occurs in many forms and situations ~ 
appearing 9 for example, as river and canal flow in non-cohesive 
material 9 local scour around obstacles in a flowing stream, 
and (more recently) in the transport of solids in particle 
form along a pipeline , 
At present there is no general solution to the basic 
fluid- particle system problem and consequently no general 
criteria could be used in the analysis of more particular 
problems . As a result 1 particular situations have been stud~ 
ied in greater or lesser degrees· of isolation , and a large 
numbe~ of tec hniques for analysis have been developed~ The 
mos t common procedure has been to use dimensional analysis 
combined with experimental correl at.i on of selected dirnensiom:-
l ess groups of parameters~ One difficulty associated with 
this practice is the selection of the appropriate parameters 
so that t here are sufficient to define the system without 
rendering the experimental ·programme unwieldy o 
The mathemat ical solutions sought can be divided into 
two categories o 
Firstly 9 there are the equations describing the behaviour 
of a system at a given point as a function of the system 
properties at that point o This type of equation, which is 
frequen t ly of differential form~ will be called a local 
equat.ion 9 and an example is an equation whereby the strain 
rate at a given point in a viscous fluid· is related to the 
shear stress and coefficient of viscosity at the same point o 
In this thes.is 9 the term "local equation" will include 
equations applying to the average behaviour, at a point, of 
the system over a finite period of timeo 
Secondly, there are the equations relating the overall 
behaviour of the system to its properties o This type of 
equation will be called a bulk equation and an example is the 
3 .. 
equation whereby the discharge in an open channel is related 
to the channel properties~ Frequently, it is in principle 
possible to obtain bulk equations for different systems by 
in tegrating the local equations and fitting appropriate 
boundary conditions o 
Development of Diff~en.t Approaches to the Problem 
One important approach in open channel flow problems of 
this type has been t o determine the bulk equations for the 
channel without considering details of the particle fluid 
interactiono This approach has led to the regime theories 
of open channels carrying sediment P these theories being 
particularly designed t o predict the shape of stable channel 
that will exis t for a given flow o One weakness of this 
approach is that ~ because of the very empirical nature of the 
equations, they cannot be readily applied to situations 
differing from those used in the experimental derivation of 
the regime equationso Details of the application of these 
methods to actual river and canal problems are given by 
Blench (t1 )\ o 
Laboratory examination of simple systems of particle or 
sediment transport is an important technique in determining 
the relative importance of various parameterse It has also 
been utilised in an attempt to discover local equations which 
could be used in a systematic method of finding bulk equations 
for particular boundary conditions. 
One of the early workers using a laboratory open channel 
wa s Shields ~2) who in particular examined the conditions 
prevailing at the 11 threshhold of motion", that is, when the 
first particles begin to moveg Shields found that the shear 
stress acti ng on the bed 11 divided by the submerged specific 
weight of the particles multiplied by the particle diameter, 
was a function of a Reynold.s number with the particle diameter 
as a length dimension o 
This was one of t he first approaches in determining local 
equations as it applied at a point in the system and could be 
us ed at any similar point in any ot her system, with the 
provis o that a tt similar point" implies similar! ty with respect 
to upstream and downstream conditions "' Therefore i as the 
solution depends on the situat i on existing some distance away 
from the point in the bed , as well as at the point itself, it 
is not a true local equation, 
Another important aspect of Shields ' work was its examin-
ation of the behaviour of points lying in a clearly defined 
plane, that between the fluid and the fixed bed e From Shields. 
results it was clear that the average shear stress on the bed 
required to initiate particle movement was very much less than 
the local value of shear calculated to be necessary, and it 
became apparent that the motion was strongly influenced by the 
turbulent eddies in the flow~ This dependence on the flow 
turbulence is one of the major difficulties in developing a 
theory of sediment movement based on equations applying 
generally to a wide variety of flows., After the particle 
movement has started, this turbulence is an important factor 
in dete rmining the interaction of the fluid and the bed. 
The bed profile is dependent on the sediment particle movement 
which, in turn 1 depends strongly on the turbulent eddies set 
up by the profile shape o In particular, Raudkivi (3) has 
observed particles kept in a state of agitation i n the le• 
of ripples, even when the average bed shear stress at the 
point is zero., I t is apparent that Shields' equation is not 
suffici ent to describe the threshhold of motion under these 
conditionso 
As the shear stress on the bed is increased, more materi al 
is set in motion. This material may be moved in different 
ways and separate pal"ts of it are classified according to the 
method of transporto It has been observed that some parti cles 
move by rapid jumps from the bed to a height of a few diameter s 
and from here they are carried along by the cur ren t, gradual l y 
sinking bacl< into the bed.. Such motion is called "salta tionu . 
Other particles may move by rolling and bouncing along the bed o 
The total material moved by both types of action is frequen t l y 
termed the ttbed load"., 
Alternatively , the particles may be lifted from the bed 
into the main turbulent eddies of the flow and be supported 
by the mixing action of the turbulence acting upon a concen-
tration gradient of particleso The total of these particles 
is tenned the "suspended load"o 
There are two measures of the loado One is the weight 
of particulate material transported across a cross-section of 
a channel per unit timeo The other is the weight of parttic-
ulate material above a unit area of the bed at a given time $ 
Although very fine particles may be supported by Brownian 
motion 9 in almost all flows of interest in civil engineering 9 
the effec t of turbulence will completely over- shadow this 
effecto 
The solids transport rate across any section is dependent 
not only upon the conditions at the section, but also upon the 
transport rate upstream of the sectiono In the laboratory, 
however~ it is possible to examine a steady uniform flow situ-
ation in which the transport rate of solids is constant along 
the length of a channelo The development of theoretical 
models is much simplified by restriction to the steady uniform 
2- dimensional caseo 
There are two distinct approaches in developing equations 
relating to the behaviour of the bed materialo The first of 
these 9 which is the more common and was until recently the only 
7(0 
approach, is to consider in the system a definite dividing 
surface which divides the system into a fixed bed below the 
surface and the moving fluid and particles above the surface. 
By a consideration of the behaviour of particles in this 
dividing surface (denoted hereafter as a "single surface")'~ 
the behaviour of the bed mater ial is predicted. Two important 
single surface treatments are those of Einstein and Kalinske. 
ginstein (4) assumed a saltation mechanism acting en the sur-
face particles in a planen Kalinske (5), on the other hand, 
considered the critical shear required to roll a particle over 
its neighbour and once again assumed the fluid shear acted 
upon a fixed particle in the bedo 
The second 9 or "deep bed", approach is to consider the 
behaviour of the moving bed in depthp not just at a single 
surface, and to examine the interaction of the upper bed part-
icles with those in the layer belowp and so on to the fixed 
bed, 
Development of the Deep Bed Approach 
The firstp or single surface, approach appears to be 
physically reasonable for small particle flow rates, tha t is, 
when the particles have little mutual interferenceo As the 
shear stress is increased, however, and more material is set 
into motion 9 the second or deep bed approach should give more 
reliable results as the physical situation used in deriving 
8" 
any equations represents more closely that naturally occurringo 
The deep bed approach was considered by Bagnold (6~ 7)~ 
Bagnold considered a layer many particle diameters thick and 
composed of a mixture of solid particles ana fluido He then 
examined the behaviour of such a system under a steady rate of 
I 
shear s train., A mi f ture of spheres and fluid was sheared 
between two concentric cylinders and Bagnold measured the 
s hear stress and rate of strain of the mixtureo He also 
measur~d the di spersive stress or the direct stress required at 
the boundaries to stop the particles dispersing throughout the 
fluid., This di s pe rsive stress is the effective pressure of 
the particles acting upon each otre r and is similar in concept 
t o press u re in a fluid where the pressure is the result of all 
the molec ules acting upon each ot her o In Bagnold~s experiments~ 
the fluid and particle densities were equal and the particle 
size was not changed throughout the experimentso Two values 
of viscosity were used and the volumetric concentration C of 
solids varied over the range Oo13 to Go63o The results of the 
measurement of shear stress as a function of strain rate were 
consistento Howeverg the relation between shear stress and 
dispersive stress was not so well defined because the disper-
sive stress was measured for C>Oo31 only and the experimental 
results showed a wide sca tte ro Graphs showing Bagnold 9's 
experimental results reduced to a dimensionless form are given 
in Figo (2=5} and Figo {2-6)o As the rati o of apparatus size 
9 o 
to particle size was constant, it was not possible to deduce 
from the results whether the overall Reynolds number of the 
system was a significant parameterQ Nor was it possible te 
deduce whether wall effects were significanto The presence of 
the wall may have a l tered the flow close to it, or the rough-
ness of the wall may have affected the flow, both types of wall 
effect being possibleo 
Bagnold 9 in second and. third papers (7, 8)", extended the 
above concepts and applied t hem t o a wide range of examples, 
including open channe l flow situat ions ranging from the thresh-
hold of motion to t he flow of a deep, concentrated bed of 
saturated gravel with l ittle or no wate r above it ~ In thesff 
papers, both suspended load and bed load were considered and 
bulk equations for t he s olids flow rate were developed " 
These equations were dependent on some arbitrary assumptions 
about t he energy relation s in the flow and, if they were to be 
used numerica lly 9 also relied upon the use of empirical 
constants a 
Miller {9} examined Bagnold 9 s first pape r containing the 
results of his experiments with the concentric cylinders, and 
carried out further experiments using a larger apparatus to 
particle size ratioo His experimental r esults differed 
considerably from Bagnold 9s, pa rticularly at low concentration~. 
However, Miller observed that t he particles he was using were 
10. 
stratified in the apparatus because of small variations in 
densityo There was, therefore, a region between the cylinders 
with little or no solids at all~ this stratification being 
accentuated at low concentrations., Bagnold made no mention 
of this phenomena occurring with his apparatus, but 9 even if 
this were the case, the effect would have been different as 
such stratification would depend upon the dimensions of the 
apparatus and the particleso 
Miller (9~ also developed a model for the particle 
behaviouro The mode.l 0 based on some results from the molecular 
theory of gases 9 gives an effective viscosity and dispersive 
pressure related to the gas temperatureo The particle property 
equivalent to the gas temperature is. the r.,m.,s., random velocity 
of the particles., Miller assumed that the r.,m.s., velocity 
was proportional to the velocity gradient and was left with one 
arbitrary constant. This arbitrary constant was determined 
by matching the theoretical and experimental curves at some 
pointo There was a wide discrepancy between the curves of 
Miller and Bagnold~ but this was largely caused by an error in 
converting tenns containing the effective volume of a molecule 
to terms containing the concentration of particles. If 
Miller V's equation is corrected in this way 9 the agreement with 
Bagnold 's experimental curve is improvedo 
CONTENTS OF T~S THESIS 
At present there are two sets of experimental results 
(those of Dagnold and those of Miller) for the dispersive 
11 ., 
stress and shear stress variation at large Reynolds numbers. 
Neither set is conclusive and all the results apply to solid 
part~cles of the same density as the fluid. In order to 
obtain local equations from Miller 9 s theory~ an arbitrary 
constant must be used, the value of this constant varying from 
one system to another o Bagnoldts bulk equations depend on 
evaluating certain arbitrary constants which are difficult to 
estimate for any given situation ~ Also, they give no indic-
ation of the particle concentration to be expected near the 
bedo In most theories that have been developed. this concen-
tration is, in fact , assumed to be high . 
In this thesis~ there are two distinct theoretical devel-
opments:· 
Firstly, Chapter 2 uses dimensional arguments to find 
local equations for the shear stress - rate of strain relation, 
and for the shear stress - dispersive stress relation. These 
equations contain functions of the particle Reynolds number, 
concentration, density ratio, ·etco In general, each new 
equation introduces a new function denoted by F. where i 
l. 
depends upon the particular relation being considered. 
Postponing any attempt at evaluating the F. until later in· 
l. 
12., 
the thesisp Chapter 2 develops the e4uations for the concentra-
tion and velocl ty profiles in the bed flow region of an open 
channel o It is shown that the numerical values for this 
solution depend on the maximum ratio of dispersive stress to 
shear stress at which the stationary bed particles will shear. 
This ratio will be called the critical stress ratio F1c . 
To some extent~ the shape of the concentration profile depends 
upon the concentrat~on immediately above the bed, but it is 
shown that this concentration has a restricted range of possible 
values 9 limited by the form of one of' the F i" Therefore 9 
Chapter 2 ultimately propounds a method of obtaining the 
velocity and concentration 
stress ratioA and~C at the 
,' \ 
' ·, 
and if the F-. are known as 
l. 
as functions of y if the critical ~ •I (./ ' ,• 1 (I -1( '•' ! ( { ~ ( I 
top of the stationary bed are known 
functions of C ., Chapter 2 also 
contains a brief discussion on the limitations of th.is approach 
and particularly the inadequacy of the analysis when large scale 
turbulence sets ino 
~econdly 9 Chapter 3 re- examines and proposes a method of 
calculating the Fi' commencing with the equations used by 
Miller (9lo Miller 9 s dimensional arguments for the r.,mos. 
velocity are discarded, the flow is restricted to high particle 
Reynolds numbers and a new approach is followed~ The energy 
supplied to the particle system per unit volume at a given 
level is equated to the energy dissipated in interparticle 
colLision., From this assumption is obtained an equation which~ 
13 .. 
together with a viscosity equation derived from the molecular 
theory of dense gasesv can be used to eliminate the rqmoSo 
velocity .. The resulting equation for the stress- strain 
rate relation includes no arbitrary constants, although certain 
terms contain approximations in their evaluations,. A disper-
sive stress - shear stress relation can be found from this 
equation and, by extension~ the effect of the surrounding 
fluid on the local equations has been estimatedo ~o previous 
work has considered this latter effect. The final equations 
apply to the case of a dense solid in a lighter fluid as well 
as to cases of equal densityo Chapter 3 concludes with a 
table of numerical values for the important Fio These values 
may be substituted into the equations developed in Chapter 2 irr 
order to determine the concentration and velocity profileso 
An experimental facility was set up to examine open channel 
flow over a deep moving bed and this is described in Chapter 4. 
This chapter includes a discussion of the apparatus used to 
measure the concentration and velocity profiles. 
In Chapter 5, there is a description of the experimental 
programme. This was designed with two objects~ The first 
object was to observe the form in which a deep bed movement 
occurred and the second object was to compare the predicted and 
the actual velocity and concentration profiles. 
Listed in Chapter 6 are the experimental results andwell 
calculated values of Fi• ~ This chapter also includes results 
of tests carried out on the measuring equipment usedQ 
Chapter 7 contains the conclusions based on the theoretical 
development and experimental measurementso The theory devel-
oped9 although not accurate numerically 9 is considered useful 
in predicting the behaviour of a deep moving bed. Velocity 
and concentration profiles were of the general fo nn predicted·~ · 
particularly at concentrations less than Oe30» The model 
used is believed to be an inadequate representation of the 
system at high concentrationso 
Conclusions reached as to the suitability of the apparatus 
are contained in Chapter 8~ Particular attention was paid to 
the concentration profile measuring equipmento It was 
concluded that 9 although the methods used were very satisfactory 
and far superior to any other technique known to the writer, 
they could be improvedo The time taken for a single concen-
tration measurement was in some cases a matter of minutes and 9 
when the bed profile is unsteady 9 this is too long. 
Chapter 9 concludes the thesis with a brief resume of 
results and conclusions, together with suggestions for further 
experimental and theoretical work& Although the methods 
developed form a skeleton structure 9 it is considered that much 
work is needed to give this approach a more reliable experimen-
tal evaluation. In addition 9 the mechanism of particle 
15. 
interaction requires further developmentp and there is a need 
for closer study of certain theoretical pointso For examplep 
numerical simula tion techniques could be utilised in an 
examination of interparticle be~aviouro 
CHAPTER .£ 
APPLICATION OF DISPERSIVE STRESS APPROACH 
TO OPEN CHANNEL FLOW 
SYNOPSIS 
In this chapter a model is developed for a fluid-particle 
shear flow in a gravitational field o The concept of a 
dispersive or interparticle stress or pressure described by 
Bagnold is used., Although the interparticle pressure concept 
is the same as Bagnold 9 s 9 its application to solving the shear 
flow problem in a gravitational field is not that used by 
Bagnold in (7)o This study is rest ric ted to a two dimensional 
uniform steady state flow and initially the behaviour of a 
small element of the system is examined. From this examination 
a system of differential equations is set up ~ The differen-
tial equations are then applied to the bed region of an open 
channel and equations giving the velocity and concentration 
profiles for this region are developedo These bed regio~ 
equations are generally also of differential form and so 
finally the fitting of appropriate boundary conditions must be 
examined if a solution is required~ The end results of the 
chapter are the velocity and concentration profiles for the 
bed region of any given steady uniform open channel flow- The 
methods could also have been applied to pipe flow to obtain 
similar types of equation. 
This analysis does not include any study of the stability 
of the bed-fluid interactiono Nor does it consider the 
system when such instability has occurredo 
PRE.LIMINARY ANALYSI[ 
In this section~ the particula r flow pattern being 
ana lysed is discussed and this discussion is followed by a 
dimensional analysis of the problem~ This concludes with a 
discussion of the relative importance of the dimensionless 
numbers .. 
Flow Pattern 
The system considered here is a uniform flow of fluid over 
a bed of non-cohesive particles. The bed may be of suffici~nt 
depth to be stationary for the lower part of its depth, as in 
a deep layer of gravel under a river o Alternatively, the bed 
may all· be in motion 1 sliding along a rigid boundary as in a 
pipe at high flow rates or for a shallow gravel river bed over-
lying a rock bedo A co-ordinate system in which y is perpen-
dicular to the bed and is +ve upwards 9 and in which x· lies in 
the direction of the velocity vector u is used, and m gravita-
tional field (in the x-y plane) of magnitude g acting at an 
angle6 to the y direction, isincluded as in Figq 2-1. 
18. 
Figo 2-1 
The volumetric concentration 9 c, of particles is defined 
aB voLume of solid divided by volume of solid plus liquid. 
S'tress System 
dux 
Because only uniform flow is considered, uy = 0 and 
~ = 0 9 where uy is the component of mean velocity in the y 
direction" The total stress at a point is defined if we know 
the direct stresses in the three co- ordinate directions and the 
shear stress in the x-z plane, the shear stress in the x-y plane 
being equal to zeroo It is nct:. necessary in using this model 
to postulate a single pressure defining the magnitude of direct 
stress in any directiono For the stress componentsp the 
following symbols w;t.ll be used :-
(a) The direct stress in the y- direction = pt 
(b) The direct stress in the x-direction = px 
(c) The shear stress on the x-z plane 
It is convenient to consider the total fluid particle 
system to be made up of two parts: the particles exerting 
forces on each other either by hydrodynamic repulsion or 
coll~sion effects, and the fluid with its own pressure and . 
shear stresseso ~or the particle system alone, the direct. 
stress in the y-direction and the shear on the x-z plane will 
be called P and T respectivelyo The corresponding fluid 
properties will be Pf and Tf where Pf is the fluid pressure 
and Tf the fluid shear resistance, measured as the shear 
force in the fluid per unit area of the x-z plane in the 
fluid-particle systemo Therefore we can write, 
(2-1 ) 
(2-2) 
Dimensional Analysis of System 
At any point in the flow - the stress must be a function of 
the strain rate, the particle properties and the fluid proper• 
ties. These properties are listed below with the symbols 
used in this thesiso 
Fluid Pro12erties Particle Pro12erties; 
Dynamic Viscosity p S'ize of Particles 
Density 
r'f Density 
Bulk Modulus IFr b Elastic Modulus 
Volumetric Concentration C 
2 2 Concentration Gradient dC/dy, d C#dy oo~ 
D1 9 
f's 
ElY 
The particle size will be represented by sufficient 
characteristic lengths to define the mixture of sizes. 
02'"00 
If the 
grading is uniquely dependent on one diameter, say the n70 9 
then only that one length is requiredo 
The particle distribution is derined by the concentration 
and values ef diC/dy1 o Initially we will include the first 
order gradient only 9 dC/dyo 
All the above parameters and the strain rate are organized 
into a set of dimensionless _parameterso 
the dependent 
p = i 
variables P 1 and T 1 gives w 
2 /§D T. 
TjFk( ;U2 .J , 
Combining these with 
(2-3) 
(2- 4} 
In these equations i, j 9 represent either t, f or nothing 
and k and 1 represent numeri cal indices depending on the values 
given to i and j as follows : 
P = T F7 (2- 5)' 
IP> = T t ~- tt1 {2- 6) 
T du 
2 2 
= ~ ( dy) .. , D ... F 2 (2:-7 ) 
·du ' 2 2 (2-8) T = ~(-). . D .. F3 t s dy 
= ~(~) 2 2 Tf D . F2 ~ F8 (2-9) 
Examining the parameters ·in (2-3) and (2- 4) , the first 
term is a form of Reynolds number (or ratio of inertial to 
\'()''/ 
·\ ! 
! 
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viscous forces) and generally the larger this number the less 
important it becomeso The two forms of Reynolds number used 
in (2-3) and (2-4) are interchangeableo The next two terms 
could be expected to be significant,_although as ~/;of beco~es 
large it should become less important, the fluid having little 
dt . 
effect . on the particleso ·The term DdY lS a measure of the 
concentration gradient and would be expected to become les~ 
important as its value dec'reases o 
The remaining terms containing Eb will be important when 
the elastic properties of the system are importanto This 
will not be so for situations where interparticle collisions 
\ 
are small but will be important where the energy recovery on 
\ 
\ 
collision of two particles is signifi canto These last two 
terms can therefore only be important where inertial collisions 
are important o Experiments carried out with stone bouncing 
on concrete in water have shown that the energy recovery is 
very smallo For this case, the inf'luence of Erb/EY and 
l:f· rf> ,--/ n2m ~ 2 
' .'/ ~ b;u will be very small and if Dd/ ,dy is small we can reduce 
/ 
t2-3) and (2-4) to 9 
P . = 
l 
( 2 !J 2 ;as ) T j'Fk ~D T j jU , /'r' C (2-1 0) 
2 du 2 2 du~ r's· C') (2-11 ) T. = ~D (~} F (~D TyfU9 7r' l s dy ~ 1 s 
For high values of. the first term (Reynolds number) 9 the 
value of F would tend to depend on~//} and C aloneo 
22 0 
The arrangement in (2-11) is advantageous for high 
Reynolds number flows as the dependent dimensionless number 
2 du 2 
contains the inertial term ~D fay) and, in consequence 9 for 
cases where inertial effects predomi nate over viscous effects 9. 
the Reynolds number is not importanto If the viscous forces 
predominate over the inertial ones, however 9 it is better to 
arrange the dependent number as r1/~~ so as to include the 
viscous effects irt this ter.mo 
This gives the grouping for Ttp 
(2-12 ) 
In this case, if the inertial effects are small compared with 
the viscous ones, the Reynolds numbe r and also ~/;of will have 
a small influence on r 9o 
Comparison of Dimensional Argumen~ 
with Bagnold 9s Results 
Bagnold (6) defined a parameterA by the equation, 
A~ 1/ [c~)~ -1] (2-13) 
"/ where Cy is the maximum static concentration 9 and plotted his 
.-;,I\\ 'I 
results in terms of Ao All of his experiments were carried 
out by shearing a mixture of spheres and fluid of the same den-
sity between two coaxial cylinderso One size of particle only 
was used, but the shear rate varied over a range of values. 
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Two different viscosities were used~ The shear stress Tt and 
particle dispersive pressure P were both measuredo From TtP 
T was estimated, the correct ion required being small for all 
concentrations of interesto Bagnold arranged all of his res-
2 1 21 2 /. 2·~ . '\~ 2 d!_!j, 
ults as graphs of/'0 T/~.tl.. and/'D P;jU /). aga1nst .t\.;oD "d);//{sr 
2 2i forming for each of the dependent parameters;oD T~..t~ and 
-a02P ILl;, a · 1 ,- IJ-· ..t\ s1ng e curve~ 
This single function relationship obtained by B~gnold 
can be wrJtten in terms of ~2 9 A . and Re2 as followso 
that~ = r:>r for all experiments 9 
)\f Jli· ~ 2 . F = ~ ()\ Re) where Re =;<>(dy)D If' a 2 Re -<-
2 
Bagnold found that a similar relationship held 
defined by p = (~)'2 D2F and it therefore follows 
Noting 
( 2-1 4} 
for F5 
that his ~ dy 5 
results imply that F7 is a unique function of (.A.J!Re) 9 that is 9 
(2-1 5) 
Bagnold measured Tt in his apparatus and then applied a 
somewhat arbitrary correction allowing for T f to obtain To 
This correction was very small at high concentrations and we 
2 
will therefore examine Bagnold 9 s results in terms of F3 (Re) /A 
and F.1 plotted against A~Reo To obtain F3 and F1 P the 
measured values of Tt obtained from the results given in (6) 
are usedo 
( v') ., 
,., 
25o 
2 Graphs of Bagnold ~ s results plotted as F 3 (Re) /A. and F1 . 
against 'A'2Re are given in F'igso (2- 2) and (2- 3). Included in 
these Figso are the curves fitted to these points by Bagnoldo 
In Figo (2-4) 9 Bagnold~s experimental points are plotted 
on the F3 - Re planeo These results show a definite trend 
towards Re independence for large Reo Also shown in Figso 
· (2~5) of ·this chapter and (3-12) of Chapter 3 are Bagnold 9's 
experimental values on the F1 - Re and F1 - C planeso 
From (2- 7), 
(2-16) 
And from (2-12) etoseqo F9 tends to be a function of c· 
alone for low values of R~~ P so that 9 
' \ 
(2-17) 
On the F2 - Re plane, the curves for constant C should 
tend to approach, for low values of Re 9 the asympto~es 9 
F = Constant/Re o 2 
Summary of Dimensional Analysis 
and Bagnold's Results 
(2-18) 
The results of the dimensional analysis can be s~arised 
• (J 1 ·J 
•· for the extreme values of ReynoldsY number as, 
F.3 
,., 
= FJ(Cptr) 9 F1 = F1 .. (C ~'$f), .Re2 large (2-19) 
F.3 :: F9(C)/Re29 F1 = F1 (C 9?r) 9 Re2 small (2~20) 
Bagnold 9 s numerical conclusions were th.a.t for~/ l'r = 1 oO, 
F2 = 2 2X/2 F = 1().33 (for A~Re < 60)~ I) $) 7 
(2-21) 
(for A~Re>.300) 2 F = 0 o 01 .3 )\ 9 F? = .3 "1 2 
Other Methods of Obtaining ~ 
The functions F7 and F1 are important in finding the 
concentration distribution andg as can be seen from Bagnold 9 s 
experimental points on Figo (2 - .3)9 the empirical curve shown is 
not very reliableo In Chapter .3 of this thesis 9 a theoretical 
approach to the problem is developed giving equations for 
F1 g F2 g IF39 F·7 and F8 in terms of the concentration, for the 
particular case of a high Reynolds number Re o 
In principle, w·3 and F 1 
any values of me~ and ~/ /'r" 
1\ 
practice for values of ~/fOr 
can be measured experimentally for 
However 9 this is difficult in 
other than unityo This experi-
mental approach for ~/f'r = unity has been carried out by 
Miller (9) as well as Bagnold 9 and Miller also developed a 
theoretical approacho At present 9 however, experimentally 
reliable values for F1 over the range o05<C<0.,6.3 have not been 
obtained for ~/,Pf = 1o0 and there are no experimental values 
at all for ~ll'r I 1 oOo 
) 
DEVELOPMENT OF FLOW SYSTEM EQUATIONS 
FROM EQUATIONS FOR F 
Initial Development 
zt:lo 
In 1956 Bagnold (7) extended the concept of a dispersive 
pressure to the analysis of steady state open channel flow 
problemso This analysis was based upon energy principles and 
' 
included both suspended load and bed loado In this thesis, 
a different approach is used and only the behaviour of the bed 
is consideredo 
The situation of Figo(2-V with a steady two dimensional 
flOW in the X directiorl is Cpnsideredo The forces acting on 
an element of the system sho~ in Figo 2- 7 are equated to zero. 
?(' / I f ' 
0 - \ 
"' . . \) ( , . . ' . ' l l 
\ 
Figo 2-7 
In the x-direction, putting the average density of the 
element = /} + C (~-;<}) 11 
dT dP ., ·1 ~ -~ +lJ4 + C~ -11J g sin8= Op dy · dx ( f s f 1 (2-22) 
and in the y-direction 11 
28. 
dP' -~ 
__!: + J Aj + C( ..o ~..or)) . g cos 8 = O:o dy / f I s / 1 . I . (2-2J) 
Pt includes the hydrostatic pressure as well as the inter-
particle actionp the relative importance of the interparticle 
action increasing with concentrationo If large scale turbu-
lence sets in, the mixing action combined with a concentration 
gradient will induce an excess fluid pressure gradient in th~ 
- y direction above /fg cos· e 0 This excess pressure gradient 
will be supporting the suspended loado As the concentration 
increases, the interparticle stress will increaseo Also 9 as 
the bed is approached 9 the turbulence will decrease until for 
a sufficiently high concentration the large scale turbulence 
dPf 
w.i.ll be fully damped and dy + ~ g cos 8 -(j>o 0 o This region 
will be called the bed region in this thesis and in it we havep 
(2- 24) 
In · the low~st part of the bed (2~24) will apply and in 
the region above this (2=2.3) is valid with dPf/dy + /fg COS38 
a function of the turbulent intensity as well as the concen-
tration gradient dC/dyo 
Eguations for Bed Region 
Substituting the constantsp 
(2-25} 
(2- 26) 
· ~ : I 
(2-27) 
in equations ( 2-22) aruL (2- 24) givesj) 
dTt 
-=B. -BC dy 1 2 (2-28) 
,gf= - BC dy .3 
Integration of (2-2B) and ~2-29) gives the equations~ 
Tt = B1y - w2fc dy + E1B1 , 
Y= - B3Jc dy + E2B1 , 
(2-.30) 
(2-.31') 
where E1 and E2 are constants of• integrationo These constants 
will be considered later in the development of this argument. 
From (2-6) we have P/Tt = F1 andj) , by combining (2-30) 
and (2-31), we obtain, 
~C dy = B1 [F1 (y + E1 ) - E2] .f(F1 B2 - B3), (2-32) 
Differ·entiating equation ( 2-32 ) with respect to y, and 
noting that C and i-1 will both be functions of y, 
If F1 is a function of c, whi~h can ,in principle be found 
either theore t ically or experimenta lly P equation (2-33) can 
30. 
be rearrangedo We n.o te that .i · 
dF'1 dF1 dC 
_.......= ---- - 0 dy dC dy (2- 34} 
Substitution o.f (.2-34) in (2-33) and r..e.arr.anging gives 11 
= ~F1Ir2 ~ B3)C- F1B1] (F1B'2 - B3) 
B1 [B2E2 - B3 {y + E1 )] (dF1/dC) 
(2- 35) 
· The ter.ms F1 and dF1/dC in equation (2-35) can both be 
obtained ·as funct i ons of C from experiments or from a theory 
such as in Chapter 3 o Also, _iY1 , B2 and B3 are known for a 
particular flow situa tion and 9 if E1 and E' 2 can be evaluated, 
equation (2- 35) can be integra ted o The relatively simple 
form of (2- 35) depends on F1 being dependent on C alone·~ 
Evaluation of E1 and E2 for an Open Channel 
In the suspended load region, F1 is not a function of 
c alone o This means that the use of (2- 35) depends upon 
evaluation of E1 and E2 in the bed regiono Physically, we 
have an equation for the concentration gradient but, to apply 
it, we need two further equationso For any particular non-
cohesive material, the shear stress required for general 
shearing action to take place is proportional to the normal 
stress acting on the materialo Shearing will oe assumed to 
take place if . 
(2- 36) 
where F1c is the critical value of F below which a shear 
failure of the packed bed will occuro 
The shear stress at the bed will depend upon the 
conditions in the flow above the bed, particularly the slope 
and deptho ~he depth is dependent upon the discharge 9 
which would normally be knowno At this point in the 
argument, we will assume that the shear stress at the top 
surface of the fixed bed is knowno This particular assump-
tion has the advantage of simplicity in application o· From 
the complete analysis of the flow, including the suspended 
flow region, it would be possible to obtain from a given 
slope. and assumed shear stress at the top of the fixed bed 
the discharge of fluid Qo As Q is normally known, the bed 
analysis would proceed by trial and erroro First 9 a shear 
stress for the top of the fixed bed would be assumed and Q 
calculatedo As Q is more sensitive to changes in depth than 
the bed shear 9 this method of solution will always convergeo 
The shear stress at the level of shear failure in the bed will 
If y is taken as zero at this failure plane, the integral 
fcdy will also be zeroo Therefore 9 from equation (2 - 30) 
we obtain 9 
(2- 37) 
and also from equation (2- 32) , if F1 b is the value of F1at the ~\ 
. \ )\. 
32 . 
failure zone, 
(2-38) 
Final Solution for Open Channel Flow 
; 
By substitution of (2- 37) ~nd (2-38) into (2-35), the 
constants E1 and E2 are e~iminated, l~~ving the equation, 
dC [c'(F11J>2 - B3.) - F1 B'1] (F1 B2 - B3) 
dY -[TbB'2F1b- B3 (yB1 of' Tb)J dF1/dC 
I 
(2- 39) 
By dividing by ~3 the numerator and denominator of the 
right hand member ~ we obtain 
and 
From equations (2-25), (2 -26) and (2-27), 
B /B) = tan 9 
2 3 
B /B = ,ill:! _ tan 6 
1 3 dx 5 
- 1) 
where h = p / (~ - !f) g cos e , and s = ~~f - 1 • 
0 (2-40) 
(2-41) 
(2-42) 
Substitution of {2-41) and (2- 42) into (2-40) gives for 
~ : 0 the open channel caseA dx< ' , 
(2-43) 
Discussion of Solution 
The tenn ·d~1·#'dC is_ the first to be examinedo 
= o, that is 9 F1 is a constant as assumed by Bagnold in his 
first paper, then, if~ -1 ;<=>f 9 from ( 2-43) one or more of the 
following .three equations .must be va~id, 
(i )' dC _, ~00 dy 
(ii) . 1 - F1 tan& = 0 (2-44)' 
{iii) (1 - F1 tan 6 ) C = + F1 tan9/5 (2-45) 
/ <: The physical system described by equation ~(2-44) and (2-45)' 
I ·l is now examinedo Noting that tan 9 is a · constant for any given It (I 
channel, equation 2-44 implies F 1 is constant and equal to cote • 
Therefore, as F1 is assumed constant, the situation is a channel 
-1; of s lope ~ tan 1 ~t1 o Such a channel will be suffici ently steep 
to transport the solids in a thick layer the full depth of the 
channel, that is, a saturated gravel s lide ~ 
In equation (2- 45), F1 9 and S are constant, so that (2-45) 
gives an equation for c, 
F1 tanS C'= -------
8'{1 - F"1 tan e ) 
/) 
i' 
.34o 
and the physical situation is a uniform concentration throughout 
the flOWo 
If dC/dy is finite and F1 is a constant, one of the two 
situations considered above must existo Observation shows 
that, for many channels, tan e is small and c is not a constant 
given by equation (2-45~o From now on we will consider F1 is 
some unknown function of C cas from the above F1 -1 constanto 
To integrate (2-4.3), the concentration at a given level in 
the region of integration must be knowno The value of C at 
y = 0 will be used for this purpose and denoted by Cbo 
0ne particular solution is given when 
9 1/F (1 + _L)·· tan =- 1 b cbs (2-46) 
In this case, dC/dy = 0 and therefore C is constant and equal 
to Cb for all y below the free surfaceo If tan e is less than 
the value given in «2 - 46} - and this will be the usual case for 
a river - the following argument will apply o· 
of Cb will be examinedo 
First the va.lue 
Maximum Value of C in Moving Bed 
When F1 ~c) has a maximum value, the behaviour of the 
concentration will be governed by which side of the maximum is 
consideredo If cb is taken such that dF1/dC(O is considered, 
the only solution of equation (2-4.3) possi~le is for dC/dy to 
be positive and therefore for C to increase rapidl~~ ~his 
() t) ; ·' ' ;)· ~· . J r J ~ / I ' . . ' \ ' . ' / " ... ) " '·I I : I 6-~<:" ,, 
' , , " ; . ~ . ' . . : -- ·~ ,r \ ., ( . ~ • t ;. .... - ~ ~ ' ~"". ( 'J I I I ', • ' • 
35o 
solution cannot be fitted to any realistic boundaries {finite_ 
shear and finite total load at the bed) or to a small value of 
<!: for large Yo 
If, however, dF1/dC>O f~r C = Cb, then dC/dy is negative 
and a real solution is possible for the open channel flow case 
with tan e small 0 It follows from the above that an upper 
limit to eb will be the value of C giving the maximum value of 
.... 
ft I I 1 . : 't 
E'xarnination of Bagnolde's results .. Figo -:t-12 .. shows a 1' 
7 ..I 7 •/ I 
I '\ definite tendency for a sharp drop i~ F 1_lo occur for conc~n-
trations just above Oo50o At about the same concentration$) 
numerical studies of elastic spheres have shown a similar 
discontinuityo This maximum in F1 {c) is discussed in more 
detail in Chapter 3 of this thesiso The concentration of 
particles at the bottom of the moving bed layer will therefore 
be less than or equal to Oo50o 
From equations (2- 43) to ( 2-45) it can be seen that the \I 
concentration immediately above the -bed will be reduced until 
dF1/dC is greater than @ or until equation (2-45) is satisfiedo , 
The theory developed in Chapter 3 predicts dF1/dC = 0 from about 
An assumption of a high value of C will 
not lead to error in the calculations as the integrated form of 
(2-43) will show a step change in concentration from Oo50 to 
Oo40, or ,if (2-45) holds for some value of C in the range 
Oo50)'€)0o40 ~ from Oo50 to this value of Co 
At a concentration of 50 per cent, the particles are 
capable of supporting a greater load through interparticle 
stresses than could exist at the time of initial shear failureo 
The surface between the fixed and moving bed is expected to 
have an F1 similar to that in the moving part of tre bedo 
If a flow was slowly ~ncreasing, the initial parameter 
would be w1c and immediately above the bed there would exist 
a concentration such that F1 for the moving material was equal 
to F1co If the theory in Chapter 3 applied, it follows that 
there would be a concentration of probably less than 10 per 
cent immediately above the bedo If the flow was decreasingp 
however , the material would continue to move until the concen-
tration imm~diately above the bed exceeded Oo50o In this second 
case, the total mass of material moving over a unit area of the 
bed will be greater as this is governed by F1 at the base of 
the moving layer, that isp F1bo 
If the flow is steady 9 local fluctuations may cause spas-
modic erosion and deposition of particleso The existence .of 
a stable band of values of F1 where neither erosion or depos ... 
ition will occur will tend to reduce the rate of return to 
equilibrium flowo 
The equilibrium value of F1 in this case will lie between 
the two extreme values of F·1c and the maximum value of F1 o 
t 'l) 
T~e exact position in this region is difficult to determineo 
However, as both erosion and deposition will be occ~rring, F1 
will .b.e clo.s,e.. to the mid-point of the stable band o 
Velocity Profile 
The previous section discusses the concentration profileo 
f) 
uyt-•·'.1{ · The sh~ar stress- and F3 profiles follow directly from this 
(;,iv 1' concentration profileo 
,) Hence 9 the velocity gradient can be 
<I 
I 
obtained from e.qua.tion (2"!"8-) r.earranged as follows: 
du 
dy 
Numerical integration of (2- 47) from u = OoO at y = OoO 
gives the velocity profile in the bed region of the flowo 
The upper limit beyond which large scale turbulence will occur 
is discussed in Chapter 3o No attempt is made in this the~is 
to extend the analysis into this region of large scale turb-
ulenceo 
Specific ~olutions · 
Equation (2-43) can be written in the fonn: 
~ = .I< c) 
dy f(C)' - ky 
or: 
I {~ + ky;)/j(c) = f(C)/pf{(C) o 
/ dC I J' {2-48} 
,, I. J 
/I 
. 
..J 
I 
This is a !~near equation and y can be solved in general 
using an integrating factor approacho 
y(C), = e -h [ feh (r/]J) dC + c] where h = kJ7 . (2-49) 
I 
As I. and therefore h are not simple functions, the integ·Pals 
/ \ 
can, in general, only be solved numericallyo Howev~r, it is 
possible to solve (Z-42) directly by a finite difference methodo 
If a new function De ..b f C and 6 is introduced such that 
dF1 I 
De =·dCl [c(1-F1 tan8)1 - F1 tane/s] f1-F1 tan6}, (Z-50) 
i 
then from equa.tion {Z -4f.)~ 
I 
~· =- (..o - ..a) g co~e foef; (F tan& .. - 1Y+A. g y sinel (Z- 51)' dy '8 /T J'u Lb 1b r r J 
and, taking the recipro£al of each side~ 
I l , ~ T b ( F 1 b tan e - 1 ) E.Y= + y tane i (Z-5Z) \ J o De · • dC 1 <1C§-~> _g cos J s f , 
= De ( H1 + y Hz)~ o (Z- 53) 
Both a1 and Hz are constants for a given sys tern and De is 
a function of~ S and ~o The simplest form of (Z- 53) to use 
dl - - , 
I ( ·'I b . y .,., 
' 17 f) I rlt . 'I ,. !; "' I 1/)1 ·' / . (.. ( fl ,,.,.I' I" I' ) '/ . I I 
I, •'It J I ' 
is 
I ' • 
Ayl = 1 ~De; H1 + y H~.ACi, (Z- 54) 
where H1 and Hz are evaluated for C = ~(Ci + Ci + 1 )o A. 
higher order of approximation can be used after the first values 
39. 
of y _l)aye been calculated or, if y is replaced by y ... JiAy .. , 
l 
we obtain 
De(H1 + yH~· ) C 
y 1 - 1, - ~De C ''H 
- \ 2 
(2-55) 
Equation (2-55) also gives an indication of when «2-54) is 
liable to be inaccurateo This is when ~De C H2 is not small 
compared with unityo 
For the particular case of particles of specific gravity 
2o65, De has been calculated and a teble containing F1 and 
dF1/dC as used in the calcf lation and the· resulting values of 
De at four different values of tane is given below in Table(2-1). 
In this table, ·. the value~ · of F 1 used are those obtain~~ · from 
Figo «7-1) based on experimental work described in subsequent 
chapterso dF1/dC was obtained by numerical differentiation 
of the table of F1 as a function of Co Consequently, the 
accuracy with which De was obtained decreases at the extreme 
ends of the range of concentrations., As the curve of F ts not 1 
reliably known, the results for De are illustrative of the 
method and will not be any more reliable than F1 o 
Oo05 
0,.10 
Oo 1 5 
Oo20 
0,.25 
Oc.30 
Oo.35 
Oo40 
Oo45 
Table 2-1 
____,.,..._.. 
De 
F1 dF1 
dC tan6= OoOO tane= Oo01 
Oo24 5o0 100 103 
Oo50 bo2 62 64 
Oo86 7o2 48 50 
1 o2.3 8o.3 41 44 
1o75 12 0 7 51 54 
2o46 14o4 48 52 
.3o05 9o6 27 30 
3o42 6o3 1 5. 0 7 17o4 
3o67 .3o;.3 7o3 8o1 
Values of De are calculated for s· = 1 o65 
and three separate values of tan e 0 
Calculations are based on F1 estimated from experimental resultso 
tan® e: Oo1 0 
149 
96 
84 
8·1 
121 
160 
117 
72 
.33 
The values of De obtained from Table ~-~ have been plotted 
against concentrations in Figo (2-8)o 
SUMMARY 
A method of calculating the concentration profile in a 
channel has been developedo This problem has been reduced to 
the integration of 
in the positive y direction from the surface separating the 
moving bed material and the fixed bedo De has been defined in 
equation (2-50) 9 tabulated in Table (2-1) and plotted in 
The constants H1 and H2 are given by 
Sb6 .. I I I : : 
. ' 
: I 1 
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De as a f unction of concentration for 
I I 
~ = 2o65~r ·and three ·values of tan 9 
(2=56) 
~s · 
= tan e /S' where s = iCf - 1 (2-57) 
and are Gonstant for a given flow 9 H1 varying for different bed 
conditionso 
The results of the calculation depend on the value of F1b 
used at the separating su~face, this value being determined to 
some extent by the previous history of the flowo If this 
value of F1b is in error, then the total material in the moving 
bed region per unit area of bed will be in error by the same 
proportion o For most flows, tan 6 is small andp as dF1/'dC i s 
small for high values of concentration 9 the region of high 
concentration of solids will also be smallo 
The concentration profile depends on the bed shear stress 
which in turn depends on the depth and hence the total flOWo 
But the depth for a given flow is a function of the concen= 
tration profileo 
The process of solution for a known total fluid flow 
rate is therefore t .o estimate Tb (1 - F1 b tan8) and carry out 
the integration of (2-53)o The solution of the concentration 
and velocity profiles should then be carried through the sus= 
pended load region, although methods for carrying out this 
particular calculation have not been included in this thesis~ 
The result of the complete calculation would be a given total 
fluid and solid flow rateo The calculated fluid flow would 
be compared with the true value and then, using equation (2- 58) 
J;>elow, a new estimate of 'Ub could be obtained by calculating 
the correction to the deptho This process would have to be 
repeq. ted until the calculated Q converged on the required 
valueo 
An estimate of the bed shear stress can be obtained from 
an estimate of the depth d by writing the equation for shear 
at the .. b.ed P 
T b = (F1 b Tb + (;<~.-l"r) gf dy + g /"rd) tan$ , 
where Cs is the volumetric concentration of suspended load., ,. 
Rearrangin~, we obtain 
Tb (1 - 1'1 b tan 9 ) = 8f'rd tan6 + (1"5 f"r) gf;dy o (2-58) 
From this, it can be seen that a complete solution of the bed 
region requires a knowledge of the behaviour of the suspended 
load region, both to evaluate the integral in (2-58) and to 
calculate the velocity of flow above the bed region.,, 
SYNOPSIS 
CHAPTER 3 
THEORETICAL DEVELOPMENT OF Fi 
44.c. 
In this section, a model of particle beta v iour 11 exhibiting 
similar properties to those .determined by Bagnold (6), is 
examinedo The viscosity equation for a gas of elastic s pheres 
is used, as has been done by Jo Bo Miller {9)c. 
In the theory of a perfectly elastic set of spheres 9 the 
properties of the colliding spheres are related to the romoso 
velocity of the spheres 9 usually in a gas described by the 
temperatureo Using dimensional reasoning, Miller (9) assumed 
that the romoSo velocity was proportional to the velocity 
gradiento In this thesis, we use instead an equation relating 
the energy supplied to a region,. to the energy absorbed in 
various mechanisms, the predominant one being interparticle 
collisions o 
Using the energy and viscosity equations, the relations 
between the shea r stress, rate of strain and i nterpa r ticle 
stress can be calculated without resort to any arbitrary con~ 
stants. Throughout this section, we have assumed a force 
function between the particles in the form of an impulseo 
One requirement for a sudden impulsive force is t hat the 
inertial forces are large compared with the viscous forc es 9 
that is, the particle Reynolds number is lar¥eo 
45o 
In the first sectiong we will develo~ the equations 
ignoring the effect of the surrounding fluido In the next 
sections, we will consider the effect of the surrounding 
fluid and the limitations of the resultso The final result 
of the chapter is in the form of equations relating the 
shear stress and dispersive stress in a fluid particle system 
to the geometric and kinematic properties of the systemo 
INITIAL ASSUMPTIONS 
We consider a model of rigid elastic spheres and use th~ 
results of workers in the statistical mechanics of moleculeso 
Various proposed force . ·functio{ls between molecules have been 
used and for our purposes we will assume that the only inter= 
particle force is an impact at collisiono This is the simp-
lest possible model available and extensive work has been 
carried out on ito For molecular theo~yP a basic assumption 
is the conservation of energy at collisiono However, in the 
present case, a considerable loss of energy occurs during 
collisionso It has been found that the results of the 
simplified theory of no loss at collision can be applied to 
the case wre re tre re is energy transfer to the internal vib-
ration of the molecules (10)o It is therefore assumed that 
the results can be applied to non- elastic particles to give 
the correct velocity distribution of the particles and hence 
the co~rect viscosity and pressure distributiono This 
assumption has, in effectp been made by Miller q9) who also 
gives a discussion of the errors likely to arise because of 
ito 
The loss of energy per unit volume in our first simple 
model is assumed to be proportional to the square of the 
particles' relative velocity and a function of the distribution 
of possible collisionso This is equated to the energy supply 
Per unit volume 1 ~ the shear stress times the velocity dy' 
gradient, which is, in effect, an assumption of no dispersion 
of energy between different levelso This will be true in the 
case of small changes in properties over a distance equal to 
the mean free path of the particleso 
CALCULATIONS IGNORING THE SURROUNDING FLUID 
Velocity Distribution 
The mean velocity distribution will have superimposed 
on it a fluctuating velocity which we will assume has the 
probability distribution, 
(3-1 ) 
where u, v and w are the velocity components in three mutually 
perpendicular directions, and a is a constanto This distrib-
ution is normal along any radius from the origin and symmetrical 
/J, 
l't/ ' 
, ' ~') 
I (• ( I 
about the origin o 
If (3-1) is transformed into a co-ordinate system 
s, e , ~, where s, 9 , ~ are the magnitude' longitude and 
lati tu.t.de of ..the velocity. vector, we have from Fry (1 1 ) 9 
47o 
(.3- 2) 
If we put u = s cose cosp 9 v = s CQst) sinS , w = s sin , /P 
then the Jacobian becomes 
and we have, therefore, 
a 3/2 2 2 P {s,e,;) = (w) s cos¢ e-as o (3-3 ) 
To obtain the probability distribution of s, we now 
' 
,,.. · integrate (3-3 ) with respect toe and; from 0 to 21fand obtain 
.,, r ,,• J} 
I , t) ') 
' , . \ '• ("!' 
rJ 2 -as2 p(s) = 4J~ s e 
where s is the magnitude of the fluctuating velocity vectoro 
~imilarly, integrating ~3 -1) with respect to v and w for 
all v and w we obtain 
2 
p(u) =J"'i e-au o 
Now the mean value of s can be calculated from (3-4} as 
follows: 
Similarly p. 
; = !f 5 3 e-as2 
2 
:::\/~ 
2_..l., 
s - 2m 
(3=6) 
m ~n the kinetic theo~y of gases, a = 2k Te whe re Te is 
the gas temperature, m the mass of the molecule and k a c on= 
stant . 
fonn, 
The relation between s and Te is from (3-6) of t he 
s = 2j2k Te 
m 'JT 
Viscosity 
The viscosity of a dilute gas is normally giv~n in terms 
of(k ~T~, but all quoted equations will be transformed t o give 
the viscosity in terms of the mean velocity magni tude $; usi.ng 
(J- 7)o 
Tne ~eneral form of the equation for viscosity i s p 
where m and D are the mass and diameter of the particles and 
A1 i s a constant c~lculated in Hirschf~lder (10) to be ~ o 
V.rom Miller (9), substituting in terms of s, we obt ain 
49o 
A1 : 3~~ o By a simple approximate method given by 
Hirschfelder (10) 9 it is found that A1 = oZ~G o Both the 
approximate value and exact value calculated in (10) are 
similar and we shall use ~ as the value of A1 for all our 32"2 
calculationso 
In dealing with a dense gas, a function, Y, of the 
concentration, is defined such that the pressure is given by 
the equation 
P = n k Te (1 + Y) 
which 9 by substi tut.ing .. from (J-7) 9 gi v.es 
21U' 
P : nms ~ (1 + Y)o 
The function Y can be obtained as a polynomial in C 
.. 
(3-9) 
(3-1 0) 
called a virial expansiono The Enskog theory of dense gases 
gives rise to an equation for viscosity (10p po645) in terms 
of the proportion of space occupied by the moleculeso After 
s ubstituting for the molecular volume in terms of C (the 
volume of space occupied by the particles) 9 this viscosity 
equation becomes 
T/~ dy 
Calculation of Y 
To obtain Y as a function of the concentration 9 the 
(3- 11 ) 
results of gas dynamics are usedo Much work has been done 
in gas dyn~mics to find Y as a function of C for various laws 
of attraction (or repulsion) between moleculeso The simplest 
form of molecule is the rigid elastic sphereQ This is a good 
approximation if the repulsive force is a short range type 9 
as would be the case for the particles consideredo A more 
refined fonrl of the repulsion force could 9 in factp be used 9 
as is frequently the case with molecular dynamics calculations 
(1 0). 
The most serious approximation made, however 9 i s in 
ass~ing that the elastic collisions are equivalent in their 
effect on the molecules to inelastic collisions with a contin= 
uous supply of energy keeping s constanto The equations of 
conservation of mass and momentum will not be affected by this 
non-elastic behaviour and the situation could be conside r ed 
similar to molecules capable of storing some energy of col= 
lision as internal vibrationo We will asume, therefore 9 t hat 
the ·elastic sphere gas model is suitable for cauculating Yo 
Even then, however, we have different models giving dif~ 
ferent relations between Y and Co One of the most widely 
used methods of calculating Y is to use a virial expansion 9 
i.e.,. a series expansion in powers of Co A discussion of 
tne derivation of the coefficients of the series is given in 
Hirschfelder (10, Po131-157) for rigid spheres and continuing 
to other shapes and potential functionso Numerical experi~ents 
carried out by Alder and Wainwright (12) have shown very close 
agree~ent with the fourth orde~ virial expansion up to concen~ 
trations greater than 30 per cent and this was improved empir= 
ically by fitting a fifth order virial term, this final expan-
sion : being used by J. Bo Miller · (9)~ Miller's results are in 
error because of an algebraic error in changing the independent 
variable to c 0 
A method using the radial distribution function (13) h~s 
been developed to give a relation between C and Y which can be 
used to obtain Y for densities up to the liquid stateo All 
these relations are plotted in Fig. (3-7). The behaviour of 
the particles is assumed to be similar to that of the molecvles 
of a gas and to have a minimum of ordero This could possibly 
be modified in certain regions by the effect of gravity tending 
to giye an ordered form to the partie les. This would not be 
expected to be ~_ry stable, however, and so the gas model will 
be used and the yirial expansion with the empirical fifth 
coefficient will be used to obtain Yo 
This expansion is given by 
1
'11able (3-1 )~ gives Y as a function of C and a graphical 
I plot ~of Y obtained by various methods is given in Figo {3-7)e 
Energy Equation 
I 
(D + 
D+i dC The energy dispersion will be small wherever --- -- and D dy I> ds 
i - are small where I is the mean free path of the dy 
particles. This will be true for movement of a layer many stone 
diameters thick except in a possible region of rapid concentra~ 
tion change near the top of the bed layer. It is therefore 
assumed that all the energy supplied in a given region is 
dissipated in that region. 
If the collision rate is f collisions per unit volume per 
second, then we have the energy production T ~ equal t o the dy 
dissipation 
2 
T .ill! = K f ms dy 2 
where K2 is a constant to be dete rmi ned o 
(3- 13) 
The collis i on rate 
can be predicted from the Enskog theory and this prediction has 
been verified up to very high concentrations by nume rical 
experiments of Alder and Wainwright (12)o The results of this 
calculation are 
f = A'2 n2 02 - .::L 
s 4C'' 
where n is the number of particles per unit volume. 
(3-14) 
In this equation, Alder and Wainwright put A2 = 2~ 
whereas Hirschfelder (10) uses A2 =~which is approximately 
7~ per c~nt higher. 
Substituting (3-14) into (3-1 3) gives for the energy 
equation 
Elimination of s 
MuLtiplica~on of (3-11) and {3-15) gives 
2 2 ~4 2 1 
'If =K2!A:1 ~2 m 5> n Y(y+Oo8+0 o761Y)o {J-16) 
Substituting (J- 1.6) in (3- 11) f we ol:ltain 
2 
(du) m . T = 'dY no4 
and, putting m 
of particles~ gives 
Similarlyg by substituting (3-16) into (3- 10) 9 we .obtain for 
the pressure p··, 
1J' [ 1 ) I J ~1 /2 P = T 8 {1 + Y) Y (y + 0 o8 + 0 o 761 Y K2 A1 A:2 . 9 
where P and T are the normal and shear stresses caused by 
interparticle collisionso 
Calculation of K2 
2 du .2 To obtain numerical values of T/ .r:P (dY)' and P/T from' 
equations (3- 17) and (3-18) , it is necessary to know the 
v~lue of K2 o It is assumed that the fluctuating velocity 
is independent of position of the particles and that the 
probability of two particles colliqing is proportional to 
their relative velocity or approacho 
Consider an arbitrary rectangular co-ordinate systemo 
Then the probability density for a velocity component u in 
any given direction is given by (3-5}~ 
We consider another particle with the same probability 
distribution of velocityo Then the difference of the u 
components of velocity, which we will denote by Xg has a 
probability density .given by 
P<x) = r;u) p(u + x) du 
which, by substitution .from (.3-5), gives 
I.+® 2 · 2 u ) a - au -~ qu + x) p ~x = if e e du o 
-oo 
Rearranging X and substituting z = u + Z' we obtain 
2 1+00 2 ( )~ a e~ax- /2 2 ~ e-2az p X = W """ d~ 
and, carrying out the integration, gives 
2 
( ) 1 a -ax /2 px = 2ve 
/ 
j\ 
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which is the same form as (3-5) with a/2 where a occurs in 
(3-5), and so we have from ~3-4) for the probability density 
of 't;he magnitu.d.e of the relative ve~ocity sr 
( ) J ~ 3 21 - as 2/2 p s =- s e r r 1r r {3-20) 
If the collision rate is proportional to s , then the 
r 
r.m.s. rel~tive velocity magnitude at collision is given by 
·-/ = J;/ p <•r) d•r 1 f:r p 
Substituting ~ = asr2 /2, we obtain 
!00 2 -z 2 Z' e d~/ 2 o· a 
(s ) ds o 
r r 
which becomes, on carrying out the integration and putting 
- t 
s .: ~/JTT a, 
; · 
2 2 
s =.4=1fs r a 
Consider now a co-ordinate system embedded in one 
(3-21 ) 
particle and another particle touching the first with a 
velocity~ at an angle 6 to the line joining the particle 
centres, as shown in Figo 3-1 o 
Now, the loss of energy at impact will be taken to be 
2 2 Kmsr cos 9 • This is K times the kinetic energy of the 
approaching particle along the line of centres relative to a 
velocity equal to the mean of the approach velocities. 
The loss of energy caused by tangential forces is 
ignored. K is thus just unity, less the coefficient of 
restitution of the particles measured under watero 
2 The mean value of cos 9 at impact is now required and we 
sha~l set up the simple model of a single particle surrounded 
by 12 others, all equally spaced at a centre to centre 
distance 1, as in Fig. 3- 2. 
~ . t • The concentration c lS glven by 
., 11 t". ,'/ ; r •' · 
IJ.'IL \ 
' f ; 
A spher~ of radius 1 passes through all the surrounding 
particles and it will be considered necessary for a collision 
between the central particle and a particular one of the 
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surrounding particles for the pathline of the centre particle 
to pass inside a cone of semi-angleoc such that the area of 
sphere included is 1/12 of the total sphereo From geometricr 
considerations, 
cos oc = 5/6 0 {3- 2.3) 
Consider the plane containing the centres of the 
central and the colliding surrounding particle as well as 
the pathline. This is shown in F. ig o, (3-3 )': 
Original 
positio}ii 
~ 
fixed parti cle 
Fig. (3~.3) 
. To find 2 from Figo (3:.;..3)~, we first obtain from the 
cos 6 
geometry 
2 . 12 . 2 
e.os 6 = 1 - 2 S.ln tp o 
. . D 
As the area of sphere covered by changing from ~ 
to '/1 + sfV is 21T 1 2 sin 'fl), 
~ ~ r~ 
cos1e = l :os 2e 21T 1 2 sin 'I' d'fl / Jo 211" 1 2 sin'/' d'/J 
and, substituting (j-24) . i~ (3-251P 
cos'le ~ r•in j/1 - :: sin3~ } d'l/ r:in ~ d'f • 
o jo 
(3-24) 
(3- 25) 
Int~grating and. .. putting cos. OC = 5/6 gives 
jo 17 12 -1 - for 0<1<20 1os o2 
If 1)20, then the problem is reduced to finding the mean 
of cos2e given that a collision does oc~4ro On any plane 
! 
drawn perpendicular to the pathline, there will be a uniform 
probability of the pathline crossing a given area of the 
plane. 
This gives the equation 
cos29 = lo:o~29 2 2 1T r dr /rr D , (3-27) 
where r is the radius in the plane from the centre of the 
stationary particle. 
Integrating ()-27), we obtain 
It can be seen that at 1 = 20 (3-28) and (3-26) give 
different values of 28 and, to avoid this discontinuity p cos 
the constant 1 oO in (3-26) will be modified to 1 o082o Making 
this modification and using (3-22) to transform from 1 to c 
gives 
~ 2 = 1 o082 - Oo1287/C 0.74> c> o.o92} cos 8 
(3-29) 
= Oo500 Oo092) C' 
-The mean energy loss E1 in each collision will be 
given by 
K 2 2 £1 = 4 m s r cos e (3- 30)' 
2 2 
and, if sr and C<>Si e are st<J--tistic&lly independent 11 then 11 
- K ~2 ·2 
m1 =4m s~ cos ·e 0 
~ubstituting fro~ (3-21) and p~tting. ~ =~,we obtain 
From (3- 13) we have 
_2 . . -2e 
8 cos 
. 2o 
K2 = (1T K/ 4) cos ·'"' 
where cos2e is defined in (3-29) . 
Summarv 
" 
(3 -31) 
Substituting (3-29) for K2 in (3-17) and (3-18) and 
putting A2 = j; and A1 =~we have evaluate9 the functions 
. 2 
F. = T I 02 (,ID.!)' 
·2 1;os dy 
p 
F =-7 T 
(3- 32) 
for the case of particles unaffected by the fluid except in 
the alteration of the coefficient of restitutiono 
\;·,v Tabulated values of F2 and 
r\\ I }'0. ij 
F7 calculated by {3-17) al)d ) { J~1) ·1(?, .. {I) 
\) · ~~lttj / '3-18) are given in Table (3-1) 
., j, I 
and plotted in Figo (~.~"3).. for 
~----
\.!J /// the case of K = 1 oOo 
~) .I i 
\ In this case, the eq.ua tion becomes 
(3-.34) 
F7 = ,9Q~ ~ 1 " ( 1 + Y) ~ ~ 
cos 9 KY(y +, 0.8 + Oo 761 Y) 
(3-35) 
CONSIDERATION OF FLUID ACTION ON THE PARTICLE 
Vertical Momentum Transfer 
In the previous section, the particles were considered 
to move with a constant velocity between collisions. In so 
doing, there was a transport of momentum between the particles 9 
poth by physical transport and by stresses within the partic leso 
When the particle moves through a fluid, the effective mass 
is increased and also the particle is slowed down by flu i d 
drag. The effective mass of the particle will be taken as 
As the particles move away from a collision 9 the boundary 
layer will build up until separation occurs behind the part= 
icle and t~e full form drag is developed. This development 
will take place over about two particle diameterso The 
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simple case of a constant drag coefficient c0 is now · 
consideredo Equating the acceleration times effective mass 
to the drag force, 
.2§ 
dt 
2 
= - As 
where A = 
C0 ;<} TT 0 2 6 = .3C0 
8 7T o3 <,Pg + ~/f) -4D-(-i~t"'"'; .... +-)z-:) 
(.3-37) 
In the case of the vertical component of s there is no 
change in velocity of 
ds 
s·ubs ti tuting dt Jl 
the fluid as y changes., 
ds d ; --X -Y. into (.3-.37) gives dy dt 
ds 
_.:J. = - As dy y 
which can be integrated to give for sy = s . at y = 0 
y~ 
The momentum of a particle at distance y is 
M = s e-Ay 
me yi (.3-39) 
and, differentiating with respec t to y to obt~in the rate of 
change of momentum with distance 9 
.<1M 
=- m dy e s .Ae-Ay o y~ 
(3- 40) 
The particles are transferring momentum to the flui d 
before reaching the next collision., The total movement of 
momeDtum will therefore be reducedo We first calculate the 
total momentum transport for the momentum moved from the 
particle to the fluidso 
This will be ·1~ dy dy
0 
where 1 is the y component of the ~otal patho y 
(3=4'1) 
Substituting from (3-40) and carrying out the integration 
(3 - 41) is equal to 
1 -Al 
m s A- ( e Y (Al + 1 oO) - 1 oO) o 
e yi y 
When the two particles collide, ·the remaining momen tum 
will be considered transported a distance equal to l y + ~ o 
20 . The ;r term is to allow for the transfer from the centre of 
one particle to the centre of the other for collision at a 
random angleo For this particle- particle effect ll the to tal 
momentum transported is therefore given by 
20 -A! 
m s . (1 + -:;;:-)e Y 
e yl y " o 
The total momentum transport will be the sum of (3- 42); 
and (3-43) andp if these two terms are added and divided by 
20 the momentum transport for no fluid, m syi(ly + ~) ll we 
obtain the ratio M where 
r 
· Mr = [e'"Aly + {e-Aly (Aly + 1) - 10A ly + ~ D .A . ~~ - ( 3-44) 

An exact solution of (3-47) could be found in only two 
cases, one of which was when k = o, the solution in this case 
being 
1 
-
1 
=-+ 
sxi 
The other case is when s = constanto y In this second casep 
if z = A k 9 the equations for w are given by 
sy 
- 1 -1 tan w z- tan w.z = yzk 
~ 
s >ky 
X 
s <ky 
X 
(3-49} 
In this second solution, the assumption is made that the y and 
~ velocities are independento 
A closer representation of the physical situation is 
obtained if we let sy = aw where a is a constanto It was 
found, however, that this substitution gave a very lengthy 
expression for the momentum ratio in terms of the concentration 9 
random velocity and mean velocity gradiento 
The solution (3-48l fork = 0 is therefore used andp if 
also for random velocity fluctuations syi and sxi are inter-
changeable, we have 
S = s e-Ay X i o (3-50) 
This equation is of exactly the same form as (3~39), so 
that the value of Mr for vertical transport of horizontal 
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momentum is the .same a.s for vertical .mom.entumo 
·• 
Energy Transferred to the Fluid by Moving Particles 
The energy absorbed by the system of particles will include 
a term covering the energy lost to the fluid during progress-
from one collision to anothero If the loss in energy along 
each path is related to the energy immediately after the 
initial collision ~esi2 , then there will be negligible change 
if the coefficient of restitution is lowo This is because 
almost all the energy will be los t along the path or in the 
final collisiono 
-However 9 if the mean velocity s is the reference velocity, 
then t he energy transferred to the fluid can be described by 
Ef, where Ef is the energy loss of the particles along these 
paths per unit volume, per unit time o 
is constant, then we have 
Using (3-4), we obtain 
~ = J?f;5 
lT _3 
= 2 s 0 
If the drag coefficient 
(3-51) 
(3-521 
Substituting (3- 52) into (3- 51) and putting n in terms of 
C~ the energy loss &f is obtai ned in the fonrr 
"/ ~r 
(3-53) 
Frequency of Collisions 
For a given initial velocity s. and mean path I, the 
1 
frequency of collisions will be reduced by the fluido From 
(3-37) we have by integration 
or, 
1 1 --~---At s s g 
'i 
s = 
1 
1/s1 + At o 
(3-54) 
The path length 1 is gi vten by i sdt, that is, 
1 1 dt = 
0
'«/si + At 
1 1 (A 1 ) (3-55) ::: Jt, loge t s. + • 1 
Rearran&'ing (3-55) to ob'tain t as the dependent variable P 
(3-56) 
The time in the non-fluid case was simply 1/s., so that 
l. 
tr' the ratio of time required with fluid to time required 
without fluid g is, from (3-56)P 
t = (eA'l ~ 1 ):/A 1 , 
r (3-57) 
. and the frequency of collision ratio fr is the reciprocal of tr 9 
Al f = Al/(e - 1)o 
r 
If the distribution of the path vectors is assumed random 
about a fixed origin, then the distribution can be considered 
to have a similar form to that of the velocity vectoro Taking 
2 
the magnitude of the path vector as 1 and defining a = 4/1T I 9 
we have from (3-4) a probability distribution for 1 given by 
p(l) = 4i! 12 e - al2 (3-59)' 
The mean value of t calculated according to (3- 57) is 
r 
the refo re given by 
~ 
=f&R 1 2 e-al2 (eAl_ 1 )/A~ dl o (3-60} t r 
0 3 
N I 2 - ( 3- 60) becomes If we put = 32 W 1 ~ equation 
... N [ I: eAl- al2 dl _ F e- al2 dlJ (3-6·1 ) tr = -.- 0 A 
If the first integral in (3-61) is evaluated first by 
putting z = ja 1 ~ A/2ja and completing the square of the 
exponent of e, we obtain for the first integral I 1 
11 =)a- e~Joo (z/.(a + A/2a) e-•l dz " 
-A/2/3. 
E\,aluating (.3 - 62) we have 
Joo " 2 1 r Jte.,;z dz. =?a t 
-A/2f"a 
and also putting 
Z' = x/!2 
f
()O 
1 
= ~fif ~ 
a -A/fla 
2 
-x /2 
e dx 
= - ~ + ID(- ) A{ff [ A ~ 2a V 2a 
(3-63) 
(3-64} 
where OJ(~J is the a
2
r.ea from 0 to :a under the nonnal error 
_curve y = (~) e- x· 12 
Adding (3- 63) and (3- 64), we obtain 
For the second integral in 3- 61, 12 , we put 1 = z/ra 
to obtain 
12 = ! f ze -z2 dz 
= ~a o 
SUbtracting 12 from 11 , we obtain for 3-61 
A2 
tr ~ N 2~ e4a [~+~<fa8 • 
Substituting I for a and N~ 
(3- 65) 
(3-66) 
(3- 67 )' 
~ 
Correc tions to F2 and.F7 using M1 __ and tr 
From equation (3-44) by pu t ting l y = i/12 as an approx= 
imation and from (:3-67) 11 we obtain Mr and \· in tenns of A I o 
A 1 is a function of concentration and is plotted in Figo (3-6) o 
'lrabula.ted values of A i, ~r and tr are included in 'Irable (3~2) 
for D. AOJ a constant calculated for CD = Oo5 • 
The corrections to the viscosity and pressure equations 
) ( ) me (3- 1 0 and 3-11 ~ will contain the tenlll m Me = Mr to allow for 
the reduced momentum transfer per path travelledo They wi ll 
- 1 
also contain the term tr to allow for t he reduction caused 
by the reduceq number of paths travelled per unit time for a 
given initial velocity s . 0 
l. 
Pu t ting in these correctionsp we 
obtain from (3- 11) 
When the correction to f is applied P equation (3-1 5) 
becomes 
(3-69)' 
Eliminating si 9 we obtain the correc ted version of (3- 17)'P 
4C(~ + Oo8 + Oo761Y) 
K y~ 
2 
The term above the broken l i ne is the correction for the 
fluid,(Ma) and is tabulated for spheres in water in Table €3-3) 
as a function of Co Similarly, equation (3-10) is altered to 
become 
(3 - 71) 
Equation (3-16Y after modification is given by 
(3- 72} 
and, eliminating si between 3 ~71 and 3-72, we get 
1T 1 ~ ~ P/T = B (1 + Y)(Y(y + Oo8 + Oo761Y) K2A1 A2)- Me (3-73l 
where Me~ is tabulated in 'Fable (3- 3) and plotted on figo {3-6). 
Summary 
Corrections to be made to F2 and F7 allowing for the inter-
pa~ticle fluid have been obtainedo F7 and F2 still~ however, 
apply to the particle stresses alone and do not include the shear 
stress in the fluid. These corrections are as followsa 
Corrected F2 = (No fluid F2 ) times M 
312 t-~ m /m 
c r . e (3-74)' 
Corrected F·7 (3 -75) 
and are tabulated in Table (3-J)o 
THE INTERPARTICLE FLUID 
In this section, the behaviour of the interparticle 
fluid in resisting the shear strain imposed upon it will be 
cons ideredo 
Two distinct possibil·ities existo The first is that 
the fluid turbulence will be restricted to small eddies in 
the particle .intersticesg such that a general resistance to 
distortion of the fluid body is set upo The second is that 
turbulence of the whole particle fluid system will be set up 
with eddies including a number of particles within their 
orbito This turbulence will be that promoting suspensiono 
If the ~onditions governing this overall turbulence were 
understood and their effect knownp it would be possible to 
carry out a complete analysis of the flow patterno 
Kffect of Local Interparticle Turbulence 
When the particle system is sheared, the surrounding 
fluid also undergoes a shear straino This will be resisted 
71 0 
by a mean shear stress Tf' defined as shear force in f l uid per 
unit area of fluid and solid in a given plane, which can be 
added to the particle shear stress T to give the total shear 
stress 'Yt o A model is developed below for the interparticle 
fluid which, although very much simplifiedp is expected to 
72o 
give a guide to the magnitude of Tfo 
A fluid in a state of homogeneous isotropic turbulence 
is assumed to f i ll the particle intersti ces and the mean vel= 
ocity gradient is assumed to be acti ng on this fluid 9 such t hat 
the fonn of the turbulence is not affected o The ene rgy sup= 
plied to the fluid .is t hen equated to the., energy diss.ipa ted to 
obtain a value of effective viscosi t y f'e o 
Townsend (13 9 P o59} showed from similarity considerat ions 
that for a wake flow 
~ 2 
where (u1 ) is the velocity seal e 9 and in the particular cas.e 
Of flOW behind a SCreen is the r offi oSo longitudinal Velocity~ 
K5 is a constant de pending on the type of flow and def inition 
; 
of u1 0 The term L e is a dissipation length which for homo ... 
geneous turbulence from (-13 P o51) is given by 
0 (3- 77 )) 
The energy di s s ipated per unit volume of mixture P Ed 9 is 
E = ~ P il ( 1 - C)) o d I f dt 
2 2 If we ass urn e homogeneous turbul enc e a nd put u = 3u1 9 and 
s ubstitute f r om (3- 77} to eliminate d~/dt 9 we obt a i n 
(3-78) 
Substituting ~ from (3-78~ into (3-76) gives 
1J =- (% )'& K E '& A % L 4/ 3 I ( 1 - c)'& 
,-e 5 d / f e • 
Experimental values of K5 have been obtained for a flow 
behind a grido The results of these experiments have been 
tabulated by Townsend (13, Po62)o The most accurate exper-
iments gave a val ue of K5 = 0.73o This value is higher than 
the values given by similar experiments carried out measuring 
heat diffusion also tabulated by Townsend (13) o 
It is assumed that the rate of energy s upplied to the 
fluid is K6 E where E is the total energy absorbed by the 
particles, and K6 is a funct ion of the concentration and 
coefficient of restitution of the particles but will in general 
be slightly less than unityo Then 
(3-80) 
For a viscous flow, an approximation for the effective 
coefficient of viscosity when solid particles are present is 
;u/(1-2·5C) as described in (14) o Cubing equation (3- 79), then 
substituting for Ed from (3-80~ we find 
and,noting that T /:du = li/(1 ~2 .. 5~) for small C 9 we find f' dy re 
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Equation (3-81) is a cubic in Tf but, when T K6>Tfp which 
is usually true, an approximate solution is given by 
% L 4/3 J (/'f) (yf) K F - 2/3 K6J& 
r>s 5 2 
~~------------------~---( 1 - 2 • 5C) ( 1 - C)~ (3- 82) 
where the factor in square bracke t s, denoted hereafte r by F8 P 
is defined by 
(3-83) 
Evaluation of F8 depends on evaluating K6 and Le/D o K6 
can be evaluated quite accurately for any given case but for 
all cases where ~//f<3 tends to be close to unityo The cube 
~1~\ 
root will therefore be even closer and from .now on K6· ·".·is 
assumed equal to 1 oOo 
Unfortunately 9 the evaluation of L cannot be carried out e 
accurately o When two particles collide, most of the energy 
transmitted to the fluid will be in the fonn of a ring-shaped 
pulsed jet, as in Figo (3-5}o 
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FQr a simple jet Townsend notes that values of ~he trans-
verse integral scal e of turbulence, which could be expected to 
be similar to Le 9 were given by 0 o02 times the jet lengtho 
For particle~ very close together, the maximum length of jet 
would be of the order of D/2 and the mean value of Le = Oo005Do 
As the concentration is reduced, the value of jet l~ngth would 
tend to increaseo If the mean value of jet length is assumed 
equal to D/2 + l 9 · that is; the sum of the particle radius and 
the mean free path, and, if the average value of Le is 
assumed equal to half this value of jet length, we have 
Le = Oo01 (D/2 + l) o (3-84) 
It is expected that the movement of the particles wilr tend 
to develop a larger eddy structur e than that postulated above 
and (3-84) could be considered a lower limit to Leo As an 
-upper limit we will take 0 9 2 1 9 noting that in wake flow L is e 
approximately Oo2 times the width of the wake (1.3)' o Both 
limiting values of L have been used in the calculation of 
e 
upper and lower bounds for F8 , F1 and F3 o ' ~abulate~ values of 
F·8 are given in Tab!€; (3-4) vand have be en plot ted on ·Fig:o (.) - 8) o 
Using (3-84), F8 has been tabulated as a functiort of C 
in Table (3-4) and plotted on Fig o (3 - B)o 
Large Scale Turbulence 
up to now, a small section only of the fluid particle 
system has been consideredo This is similar to considering , 
for the flow of a fluid, only the transport of momentum or 
other properties by molecular scale processeso There is in 
the fluid-particle system the possibility of large scale random 
motion with a length scale greater than the mean particle 
spacingo The combined fluid and particle system is charac-
terised by a stress-strain relationship of the form 
2 
'f = K (!h!) 7 dy where K7 is 9 in factp a function of the concen= 
tration and hence · in general a function of position within 
the "fluid" o 
While this local parameter K7 is important when consider-
ing initial instability 9 it is not expected to be a signif-
icant paramet~r in determining the behaviour of fully developed 
turbulence o The overall large scale motion is continually 
supplying energy to a smaller scale of motion, so that the 
final form of damping is not significanto For fully developed 
turbulence, therefore 9 no difference in type of behaviour is • 
expec ted as the concentration is reduced from that in which 
vollisions are significant to that in which the solids have 
negligible effecto 
That the situation is different for a fluid containing 
solid particles is widely reported (15 9 po67)\ and one attenpt 
to explain this phenomena quantitatively has been given by 
Hi no ( 1 6 9 p .. 1 61 )\ .. 
In this thesis, we will · consider only the possibility of 
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defining the condition under which the system will develop 
large-scale turbulenceo The "fluid" we are considering is 
completely defined by the distribution of K7 and the density 
/"a =-/} + C Vs = !'}) ~ and the flow is defined by the geometry 
of the system and the shear stress To 
,. 
Now 9 if we examine the dimensions of the above parameters 
in terms of rna ss 9 length and time 9 we find that the only tenn 
with a time included in the di mension is To We therefore 
conclude that T is not one of the parameters governing t he 
stability directlyo If we define the distribution of K7 by 
its value and the value of the first derivative at a point 9 
then we find the stability parameter given by 
(3- 85} 
Therefore 9 it is concluded t hat, for values of 1T less 
than 1t it 9 the flow will tend to fonn large eddies and cr o 
suspension will be importanto At.present 9 the wri t er does 
not know of any experimental results from which 1T . t could 
. cr1 • 
be determined o From the experiments described in this thesis~ 
an estimate of the stability has been madeo In most open 
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channelsv there will be regions where bot h types of flow exist 9 
but it does not follow that 9 ifTf 't exists in a channel 9 cr1. o 
both types of flow will existo It may well be that If has to 
rise well above 1T ' t before a flow will initially divide 
cr1. o 
i nto two r egions 9 and it will only be after this division t hat 
TT •t wi ll define t he type of flow; a similar effect to the crJ. o 
growth of a laminar boundary layer which ulti mately divides into 
a turbulent and laminar region~ For this pure fluid case 9 the 
viscosity distribution is described by the di s tance to the solid 
boundary o 
SUMMARY o LIMITATI ONS AND RESULTS 
Summar~ 
In this chapter 9 equations have been developed for T and 
rrr • t f du T ~f In e rms o dy o hese have been obtained in the form of 
dimensionless functions F2 and F8 which can be evaluated by 
(3-70) and (3-82 ) o The di s persive pressure has also been 
calculated in terms of F7 which can be evaluated by ~3-73}o 
2 
'I! =/'so (Sl!)'· F2 (3-86} dy 
P/T = F7 (3-87} 
Tf = o2- (..9!!)2 ;os dy F2 F8 o (3 -88 ) 
79. 
If we define 
(3-89}' 
then 
(3-90) 
The tabulated values of F2 , F79 F8 , and F1 are included 
at the end of this sectiono 
Limitations 
As the concentration C is increased 9 this analysis breaks 
downo The reason is that, as the particle packing increases 9 
the particles ultimately "condense" to a solid mass o This· 
condensation has been observed by Alder and Wainwright (12) at 
concentrations of about Oo46o Concurrently, there is a sudden 
drop in Yo For this reason, the calculations detailed up to 
this point are not expected to apply above some value of C not 
greater than Oo50o 
At the lower end of the scale, the calculations have 
included approximations which will reduce the accuracy for small 
values of Co However, at these low values of C 9 large scale 
turbulence will normally have set in increasing the solids 
supported, this l atter effect rapidly predominating in importance. 
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The application of these results to particular flows is 
carried out in Chapter 2 'o 
No account has been taken of various sized particles or 
of other shapes of particleso These problems have been 
examined by Hirschfelder et alo (10) and present more complex 
algebraic difficulties although they can usually be solved by 
methods similar to those presented in this chapter., The 
effect of a large gradient in the independent variables can 
also be accounted for (10) for a gas of hard sphereso Again 9 
more complex algebra is encountered 9 and also more complex 
equations connecting T and (d~/dy)., 
Numerical Calculation or Functions 
The results as tabulated below are calculated using 
All calculations have been made 
to slide- rule accuracy except where the column is headed (goio)o 
This heading indicates that graphical methods have been used 
in obtaining the results., The first table includes functions 
which are independent of the surrounding fluid., The third 
table includes the effect of the fluid for the two cases 9 
;Of ::: /'s and~ = 2 o65/f"' 
Below each table 9 the methods of calculation required for 
that table h~ve been outlired., 
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Table (3-1) 
Neglecting Fluid 
(goio) 
c y y Yr m N1 K2 F7 F2 
o05 o2275 .. 207 .. 23 5o.368 o392 1o406 o224 
.. 1 0 .5221 o431 o52 3o112 o392 1 o51 0 0131 
01 5 o9079 o677 o87 2 o593 o483 1 o409 0101 
o20 1 o4209 o955 1 .. 25 2o585 o554 1 o349 01011 
o25 2 01058 1 o28 1 0 73 2 .. .877 o594 1 .. 298 o1176 
o30 3o0306 1 o66 2 o31 3o436 o624 1 o256 .. 1496 
o35 4o278 2 o12 JoOO 4o290 o646 1 .. 223 .. 2015 
o40 5o957 2 .. 69 3o70 5o503 .. 663 1 o183 o280 
o45 8o 198 3.40 4o46 7 .. 157 .. 677 1 01 61 o394 
o50 11 01 6 4.29 5 .. 23 9o38 .. 689 1 .. 137 o560 
Table (3-1) includes three values of Y P that from the 
virial expansion Y, the value used by Miller, Y ~ 
m 
and the value 
obtained from the radial distribution functionp y 0 
r 
Following 
Y r is a table N1 where 
N1 = 1/Y + Oo8 + Oo761 Y {3-90) 
and Y is obtained from the virial expansion as are all func-
tions of Y hereaftero K2 is calculated according to equation 
(3-31)o Finally, the values of F7- and F2 calculated according 
to «3-34) and (3-35}, where the effect of the fluid has been 
neglected, appear. 
c 
o05 
.. 1 0 
01 5 
.,20 
.. 25 
.30 
.35 
o40 
o45 
.. 50 
Table {f3-2) 
- Me t A 1 r 
.,01 o993 1 .. 005 
.,02 o986 1 o01 0 
.,04 .. 969 1o020 
.. o6 o953 1 .,031 
.1 0 o921 1 o051 
.. 15 .. 878 1 o080 
.,20 o835 1 o1 09 
o25 0 792 1 0139 
.. 50 o606 1 .. 308 
.. 55 o570 1 .. 347 
M 3/2 t -~ 
c r 
o987 
o974 
o945 
o916 
o862 
0 791 
0 724 
o661 
o413 
o370 
82 0 
M ~ 
c 
o996 
o994 
o985 
.,976 
.. 960 
o937 
o914 
.. ~90 
o779 
0 55 
The functions M and t are calculated according to 
c r 
equations (3-44) and (3-67) where Me is the term in square 
brackets in (3 - 44) and 1 is estimated at I//29 all in terms y 
- ~ . 
of A 1 where 1 is the mean free path., 
Table {i-i} 
!'<§ = l'f r's = 2 o65;<f 
goi o goL> goio g.,i 0 
A .. I Ma ~ F F7 A I M ~ F M' Me c 2 a 2 
.. 517 . .. 600 0 771 o134 1.,083 o247 o788 .,891 o176 
.,225 1 o040 o902 .,136 1 o362 o1 07 1 ,014 o954 o133 
o130 1 o231 o945 .,124 1 o331 .,0619 1 1>082 o974 o1 09 
o0826 1 1>325 o966 o134 1.,302 .. 0395 1 o124 o984 0114 
.. 0558 1 o383 o979 .. 163 1o270 .,0266 1 ~134 o990 o133 
.. 0388 1 o41 9 o985 o212 fo237 o0185 1 o1 59 o993 .,173 
.. 0275 1 o444 o990 o291 1 .,21 0 .,0131 1 01 69 o995 o236 
.. 0197 1 .. 460 o994 o409 1 o176 .,0094 1 .. 172 o997 o328 
.. 0143 1 .470 o996 o579 1 o1 57 .,0068 1 0176 . o998 o463 
.. 01 05 1 o480 o997 .. 829 1 o134 .,0050 1 .. 180 o999 o661 
~able (3-3) includes the parameters F2 and F7 calculated 
according to equations (3-70) and (3~73) where the effective 
F7 
1 .252 
1 .4401 
1 .371: 
1 .326 
1 o28) 
1.247 
1 .216 
1 .. 180 
1 01 59 
1 0136 
mass, me, has been taken as the mass of the particle plus half 
-the mass of the displaced fluido The values of A 1 as ro 
function of concentration were calculated according to 
('3-37) t aking c0 = Oo5o The values of M ~ and M were c r 
obtained by finding Me~ from a graphical plot of the results 
in ~able (3-2 )o Two sets of results are shown, one for the 
case of a particle density equal to the fluid density and the 
other for the case of a particle density equal to 2o65 times 
the flUid density., 
Table (3-4) 
c Ratio F8 X 100 F1 F3 
Lower Upper Lower Upper Lower Upper 
Results below for ;as = ;of 
o05 1 o281 4o75 76o5 o614 1o0)5 0141 o2)7 
.1 0 1 o605 2o67 34o3 1 o013 1 o328 o140 o18) 
01 5 1 o997 2 o01 20.5 1 o1 0~ 1 o305 o127 .. 150 
.,20 2 o486 1 0 72 13 .. 7 1 o145 1 o280 .136 .. 152 
.25 3 0115 1 o62 10.,0 1 .1 53 1 o252 o165 .179 
.. 30 3o942 1 o42 6.7 1 o159 1 o219 o215 o224 
o35 5.062 1 o35 4o87 1 o1 55 1 o194 o295 o305 
.. 40 6 0 621 1 o32 3o62 1 .134 1 o160 .. 415 o424 
o45 8 o861 1 o35 2o73 1 o125 1 o1 40 o587 o595 
o50 12o20 1 .. 45 2.25 1 o1 09 1 011 9 o842 o849 
Results below for;os = 2o65;of 
o05 1 o.281 2.,07 33o4 o938 1 o228 .. 180 o235 
o1 0 1o605 1 o42 18.3 1 .. 217 1 o420 o135 o157 
o15 1 0 997 1 01 9 12 01 1 o222 1 o354 0111 o123 
.20 2o48b 1 o01 8.,0 1 o226 1 o311 011 5 o123 
o25 3 011 5 o96 5o9 1 o211 1 o272 o135 0141 
o30 3o942 .. 85 4o0 1 o198 1 o237 o175 0180 
o35 5o062 o76 2o74 1 01 83 1 o206 o238 .. 242 
o40 6 o621 o80 2o08 1 o1 55 1 0172 o330 o335 
o45 8o861 o82 1 o65 1 0141 1 o1 50 .. 467 o471 
o50 12o20 o88 1o37 1 o120 1 0126 o666; o670 
84 .. 
Table (3-4) contains the limiting values of parameter F8 , 
the ratio of the effective viscosity of the water to the 
viscosity of the particle systemo The column headed "Ratio" 
lists the ratio of viscosity of the liquid plus particles at 
low Reynolds numbers to the viscosity of the fluid, and is a 
function of C onlyo This is the term 1/(1·· - 2·5C) given in 
equation (3-82)., For calculation, this has been replaced by 
the relative viscosity calCulated by the free surface model as 
tabulated in (14, Po453)o Following F8 we tabulate F1 defined 
as F7/1 + F8 and F3 defined as F2 (1 + F8 )o ThE) upper half 
of Table (3-4) contains the results for r>s = /'f a'nd the lower 
half the results for;os = 2.,65;of" 
Graphs 
The graphed results are obtained from Tables (3-1) to 
(3-4) .. All graphs of the same function have been grouped on 
the one graph .. Also included in Fig$ .. (3-11) and (3-12) are 
graphs of the experimental points for F3 and F1 obtained by 
Bagnold., 
In order, details of the graphs are:-
Fig., (3-6): Values of c, M 312 t -~ and M ~ are plotted o r c 
against A 1 for the density ratios 1 .. 0 and 2 .. 65o 
The values are taken from Table (3-2) .. 
Fig., (3-7): Values of Y, Ym, and Yr are plotted as functions 
of C where Y is obtained by a virial expansionr 
Ym is the value used by Miller and Yr is obtained 
from the radial distribution function (10)o 
Figo (3-8): The value of viscosity ratio used instead of 
1/~ - 2. 5C) has been plotted against C as well as 
the values of F8 for density ratios of 1o0 and 
F8 is the ratio of effective fluid shear 
resistance to particle system shear resistanceo 
Figo (3-9): The value of F7 and the bands within which F1 is 
expected to lie are plotted against Co In 
obtaining F7 , r's has been assumed much greater than 
If and the two bands for F1 are calculated for 
~ = ~f and ,.,.-os = 2o6~ respectivelyo F7 is the 
ratio of particle direct stress to particle shear 
stress and F1 is the ratio of the particle direct 
stress to the total shear stresso 
Figo (3-10): The theoretically derived value of F2 and the bands 
within which F3 is expected to lie are plotted 
against Co In obtaining F2 , ~ has been assumed 
to be much greater than;of and the two bands for 
F3 are calculated for ,.as = /'f and r's = 2o6_yf 
respectivelyo 
Figo (3-f1):· Bagnold's experimental results of F
3 
are plotted 
against Co Included in this graph is the 
theoretically derived curve of F3 obtained for a 
density ratio (19/;of) of 1o0o 
Figo (.3-12): Bagnold''s experimental results of F1 are plotted 
against Co Included in this graph is the 
theoretically derived curve of F1 obtained for a 
density ratio of 1 oOo 
c 
ttl 
:',!. 
. ' 
t ·~, 
r. 
t 
, . 
. ,
• I 
(·.~• 
I'; 
O·~IJF--~---rz. -----~oo~t~:::---..._ 
Coneentrdtlon 
FIG 3-'6 
10 
.a 
. 6 
•' 
> 
~ J4 
~ 
-- ~ 
/ ~0 
I 
/ 
'( 
• ~ 
I 
II 7 ./' Vl ~/ 
~ ~r ~ I .. +~ 
~::~ ~,., p 
~/ 
0·2 0·4 
Concantratlon 
FIG 3-7 
0 ·00~:----..L...---'=--~----'7--___..._ (}0 •2 ·4 
Concentration 
FIG 3-8 
87 
.. 
. 
' 
t ··14 
.I 
....... 
. 
• 0 
, o 
(}0 
0·0 
....... 
, Nell 
j 
~, 
'\. 
Pr-c.t~,l\ 
-·-
(). 
ConcG~ntratlon 
FIG 3-9 
I 
08~o--~o~.,--~o.~2--~0~~--~~----0~·s 
Conc<Zntration 
Predlct¢d values of F FIG 3-10 
. 
• 
0 
0 • 
0 
0 
0 
"I 
I la 
• 
' 
• 
• • 
sas no~• ~C'!_Yt to!...rl- . ~f-L.. ~~ 
--- -0 
" • / .• 
• 
• 0 II 
• • • 
V· ' • • • • •• 
IIIMulte t r Ill• thre I llleynolde nurl)bere ol eoncentrotl 1r1 thown• t 0 
v.l ·· 
8 ~ ~ 
v 8 ... ~~ a • .... ,, l't" It 
8 I 
0·2 O·J. 
Concentration 
FIG 3-11 
6 
8 
• 0 • 
lllnultl tor the three 
hlohlat eynolda n mbtrl ot 
each to ncentratlon thown t • 
rlltpl~ or pl\t4 by 1 to oblol 
•'" 1111•." I on 
n 
1• 
":"·:-r,--:. 
........ . -.~ F=---====.o 0 /'••/'l 
0 -· 
I 
t 
0· n 
0·6 0·2 O·J. 
.concentration 
FIG 3-12 
Bagnotds experimental results 
It 
'• 
• 
II •• 
• 
0 0·6 
CHAPTER 4 
A p p A R A T u s 
SYNOPSIS-
The experimental programme carried out necessitated th~ 
development of the equipment detailed in this chaptero In 
the first pa'rt of the chapter is a discussion of the exper-
imental measurements required and the general mean s of 
achieving themo The remainder of the chapter is devoted to 
a detailed explanation of each part 1 of the apparatuso 
Chapter 7 9 in conjunction with this chapter 9 contains the 
conclusions r eached about the apparatus after carrying out the 
experimental programmeo 
PRELIMINARY SPECIFICATIONS 
Objects of the Experimental Programme 
During the development of the theory described in the 
previous two chapters, it was thought desirable to set up the 
type of flow considered in the theoretical analysiso The 
primary object was to ascertain what happened to the bed under 
conditions of high shear stresso The secondary objects were 
to measure the actual values of the flow parameters and to 
compare them with the predicted valueso 
90o 
Because it was apparent that it would take some time to 
de~~gn and build suitable apparatus, this task could not be 
left until the theory had been fully worked outo The first 
item to be designed and built was the apparatus used to gen-
erate suitable flow conditionso As the theory became more 
advanced, the required experimental measurements were more 
easily defined .and were finally reduced to: 
(i) Concentration profile 
(ii) Slope, depth and width of the flow 
(iii) Particle grading 
(iv) Particle velocity profile 
· ( v) Fluid velocity profile 
(vi) Static pressure profile 
From these measurements, the experimental values of the 
parameters F1 and F3 described in Chapter 3 could be found 
for various distances from the bedo 
With this apparatus, it was also intended to detennine 
and examine the limit of the region within which large scale 
turbulence could be neglected. 
Generation of Flow Conditions 
From the results in Chapter 2, it would appear that, for 
high Reynolds numbers, the parameters F3 and F1 should be 
independent of Reynolds number. Therefore, one important 
91 0 
requirement for the flow apparatus was a high possible 
2 d . 
Reyn<?lds number Re =;oro ' (d~)/ f' o Bagnold "s experiments p: 
Figso (2- 4) and (2-5), showed a certain dependence on Reynolds 
n~ber at the maximum value reached, 500 9 although, in his 
paper 9 Bagnold considered this was the limit of Reynolds 
number dependenceo It was decided to arrange the apparatus 
so that a Reynolds number of 1 ,000 was possibleo All the 
problems to which· the theory was being applied involved a bed 
of particles more dense than the fluid, and a deep bed was 
requiredo A minimum weight of supported particles considered 
sui table was 3 (~ - /'{.) D g pounds per square foot of bedo 
If the concentration in the bed averaged Oo5, the bed thick-
ness implied was six diameterso 
To obtain dimensions for the apparatus , an estimate of 
F3 and F1 at the bed was requiredo From Bagnoldrs results, 
values of 1o0 for F3 and 3o0 for F1 were used as representing 
very high concentrationso From the minimum weight of moving 
material decided above? 
(4-1) 
and, if P/Tt = F1 = 3oO, 
(4-2) 
and, from the ~inimum allowable Reynolds numqer, 
92 0 
(4- 3) 
Now, in Ch~pter 2, it .is .shown that 
2 
T = o2 tr.ill:!) r's \dy 
where, putting F3 = 1 oO and eliminating du/dy from 4 ... 3, 
12 12 D T . > 1 ,ooo f' ;<'s /j'f. (4-4) 
Rearranging and multiplying both sides of the inequalities 
(4- 2) and (4-4) , it can be shown that 
(4- 5) 
and, also from (4- 2) and (4-4), that 
T 12 12 ( _ !4 ) g > D > 1 ,ooo I' /'s 0f T • (4- 6) 
,-1 f . 
Measurements 
For each flow, the measurement of total shear stress was 
required as a function of deptho Concentration measurements 
were also required at various depthso As these concentrations 
were the most important variables measured, being used for both 
shear stress and direct stress calculations, the equipment 
used had to be accurate and reliableo Rapid variations in 
concentration with vertical distance were expected and it was 
therefore desirable for the measuring equipment to be able to 
93 0 
measure the concentration in a band not wider than one particle 
diametero Because the thickness of the bed was expected to 
be only a few particle diameters, it was necess~ry to disturb 
the flow as little as possibleo Concentrations of interest 
are in the range Oo05 < C < 0.65 and the meter should be 
accurate within as much of this range as possibleo 
Velocities of the particles are r equired for the cal-
culation of F3 which depends on the square of the velocity 
gradiento As the flow parameters will be varying rapidlyp 
a small interval of vertical distance, of the order of one 
particle diameter, must be used in obtaining the velocity 
gradient . Therefore, an accurate mean particle velocity 
measurement is requiredo The fluid velocity profile is 
required if transition to large scale turbulence takes place 
outside the region in which the particle velocity is known. 
As the concentration measurement will include both bed 
load and suspended load, the suspended load should be measured 
separately by finding the departure from hydrostatic pressure 
(~tatic pressure differencer as a function of depth. Th~ 
static pressure difference must be measured in a fluid with 
a velocity head of the order of one to two feet and will 
itself be of the order of Oe01 feet. Any useful method of 
measuring static head must therefore be almost independent of 
the flow velocityo 
94o 
APPARATUS 
Summary 
The equipment used to satisfy the preliminary specific-
ations for the flow generation was a recirculating flume using 
water for the fluid and rounded river gravel sieved to a narrow 
size range for the particles. The concentration measurements 
were carried out by measuring the attenuation of a beam of 
gamma rays. Fluid velocities were measured with pitot-static 
tubes. Particle velocities were either assumed to be the same 
as the fluid velocities orwere measured from a sequence of 
photographs. Details of all the above apparatus and its 
design make up the remainder of this chapter. 
Flume 
General Criteria 
Assuming water and gravel of specific gravity 2.65 as 
the media in the flume and, substituting in (4-5) and (4-6), 
the limits on shear str.e,s.s and particle dLamet_er .become 
T > 1 .so lbs/ft2 
0.0097 T > D > .0236/T12 • 
(4-7) 
(4-8) 
To have the channel as similar as possible to a two 
dime~sional system, it was considered desirable to maintain 
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the channel width at three to four times its deptho As well 
as for the immediate purpose described in this thesis, thr flume 
was to be used for a variety of future experiments. These 
proposed experiments could not be precisely defined at the time 
the flume was design ed and even the requirements for this thesis 
were subject to change. For these reas ons 9 versatility was 
predo~inant in the design thinking. The overall length of 
100 ft was fixed py the amount of space available and the deck 
width of 8 ft was dete rmined by the steel plate available as 
well as the possible use of the flum e for meander studies. 
For the studies under discu ssion here , a very high flow pe r unit 
width is r equiredo Therefore, the side panels were made 
adjustable and could be placed at any position on the deckp 
then clamped downo The range of slope available is from just 
negative up to Oo065, the upper limit fixed by the building. 
Because the flume was situated in the Fluid M·echanics 
Laboratory where the floor area is restricted and where a 
100 ft long obstruction would be very inconvenient to the other 
users of the laboratory, it was supported clear of the floor 
with a minimum head room of 6 ft 10 inches when the deck was 
horizontal o 
The pump selection was based on a maximum flow of about 
20 cusecs pumping both part icles and fluid through the one 
systemo 
Because it was thought that the situation could arise where 
the desired flow down the deck would be insufficient to trans-
port the solids back along the return pipe- 11 a bypass pipe was 
installedo This latter pipe allowed some of the recirculated 
flow to bypass the deck if so desiredo A secondary effect of 
this bypass was that in pump selection the flow range required 
could be reduced to lie between the maximum possible and the 
capacity of the bypasso 
Hydraulic Design 
The flume shown in elevation in Figo (4- 1) and photo= 
graphically in Figso (4- 8) and (4- 9) was designed and built 
from the above cons id era tions o It consisted of a fl a t deck P 
94 ft long by 8 ft wide 9 on which light steel or glass sided 
panels could be placed and tied down to form a channelo On 
reaching the end of the channel~ the flow turned downwards 
into a contraction, followed by another 90 degree bend into 
an axial flow pumpo ., From this pump, the flow was taken along 
a 15 inch pipe under the left side of the flume and up into a 
head tanko Plates in the head tank could, if desired 9 be used 
to bypass part of the flow, with the remaining flow continuing 
down the channelo Flow bypassing the channel returned through 
a 15 inch pipe followed by a 10 inch pipe to the contraction 
· preceding the pumpo Control of the main flow was obtained by 
varying the pump speedo 
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Filling and emptying of the flume was carried out using 
a flexible 6 inch hose connected to the upstream end of the 
bypass pipe, and an overflow was pnovided at the downstream 
end in the form of a weir. This overflow was necessary because, 
had a sudden stop occurred with the flume on a steep slope, 
there would have been insufficient storage in the tail section 
to contain the full contents of the flumeo 
After only 25 hours operation with% - ~ inch gravelg the 
pump impeller was found to be badly worn. This wear was most 
noticeable at the impeller tips where the clearance increased, 
causing a marked reduction in head and flow for a given pump 
s peed. Wear on such a scale was clearly unsati s factory and 
the following modifications to the system were undertaken. 
Close to the downstream end of the flume, the solid 
particles were screened out and dropped through a hole in the 
deck. A hoppe r placed under this hole collected the solids 
and channelled them into a jet pump from which the particles 
were pumped into the fifteen inch return line at a point on 
the deli very side of the axial flow pump. .The j et pump was 
powered from the existing high head laboratory supply through 
a 6 inch pipeline, control being obtained by an hydraulically 
operated valve on this 6:· inch line. c The continual overflow 
from the weir was bypassed to a creek near the l a boratoryo 
A diagram of the hydraulic l ayout at this fin al stage of 
development is s hown in Figo «4-4). 
., 
W1ngnu1 
hroaded roll 
Br·ac k<l t de tall 
93:::;._· -------·-"". 
/ 
FLUME ELEVAT ION 
FIG ~-1 
All welre •• Cld)utiCibla , __ 
011 -
FLUME HYDRAULIC AND ELECTRIC 
CIRCUITS 
FIG 4·2 
HCIIIdroll--
•; I Shut atut~===~lt~~==~~ 
-1 ponel · 
j 
\_ ___ . .......__. 
l 
.. i 
HALF CROSS-SECTION WITH SIDE PANELS 
IN POSIT ION 
99o 
Structural Design 
The flume was supported at three points spaced 
36 ft 0 inches aparto One support acted as a hinge and at 
the others the flume hting on adjustabl e lifting screwso These 
screws were supported on bearings at their upper ends, the 
bearings resting on stands bolted to the flooro This arrange- · 
ment can be seen in Figo (4-1)o The tilting flume itself was 
designed to act as · an integral girder, the deck acting as one 
flange and the pipes as the othero Shear transfer was by a .... . 
plate welded to the pipes and attached to the deck by a series 
of shear plateso Rigidity was the main criterion in deciding 
on this form of structure as the available depth was limited 
and a light structure was ·desirableo The tilting section of 
the flume was constructed as four separate sections.. The 
first three parts were approximately 13 ft 9 )6ft and 45ft 
long and were followed by a short head tank sectiono Erec~ 
tion was carried out by placing the sections 9 then bolting them 
togethero If desired, the flume c-ould be unbolted and 
shifted 9 or altered in length by removing the 36 ft sectiono 
Outside the working deck a wooden catwalk was providedo 
S:teel angl es at each side of the working deck 1 6 inches above 
the deck acted as rails for the instrument trolley and also 
formed part of the side panel systemo 
Panels forming the side of the cnannel were of rigid sheet 
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steel construction except for two steel frames glazed with 
~ inch glasso The panels all had sponge rubber strips along 
one end and along the bottom edgeo Using a series of tie-downs 
on each side, each tie-down consisting of an adjustable strut 
and two adjustable ties, the panels could be held rigidly on 
any part of the decko 
Tie-down equipment used in the experiments was limited 
to a channel width varying continuously from nothing up to 
6ft, followed by a step up to 8 fto In Figo (4-3)~ a cross-
section of the flume with the side panels set at a 2 ft channel 
width is shown, while Figo (4-11) is a photograph of the panels 
and tie-down systemo It is possible with this system to alter 
the angle of the panels to fonn a channel of trapezoidal 
sectiono 
Control 
No valves were included in the main flow circuit~ flow 
control through the axial flow pump being accomplished by pump 
speed control onlyo A 45 horsepower slip-ring induction motor 
was usedo The tappings from the motor slip rings were connected 
to three electrode plates immersed in sodium carbonate solution, 
the depth of immersion being controlled by a small motor. 
The rotor voltage, and therefore the motor speed, was held 
constant by a control system adjusting the depth of immersion 
of the plateso Adjustment of the voltage and consequently the 
1 Q1 ., 
~peed could be carried out with a portable controller. Flow 
t~r9ugh the jet pump was adjusted from a control valve pl~ced 
on the flume catwalk and connected by hose to the hydraulic 
valve controlling the jet pump supply line. An adjustable 
section of the downstream weir allowed some control over the 
tail tank watero At the flow rates used, the flow ~n the 
working section was supercritical and it was therefore pos-
sible to adjust the tail tank level sq as to form a hydraulic 
jump close to the screening positiono 
p·illing and emptying of the flume with water were carried 
out from the floor of the laboratory , using hand operated 
valves . FiU,ng and emptying of the solids were carried out 
using a perforated hopper attached to the laboratory crane . 
It w~s possible, therefore, to control the flow from the 
catwalk once the flume had been filled and startedo 
Concentration Meter 
After the decision to use gamma radiation was made, the 
important design problem was to obtain sufficient resolution 
in the vertical directiono The available counting equipment 
and radioactive isotopes presented definite restrictionso It 
was found upon reading the literature that the use of gamma 
radiation was common and commercial equipment was available 
for measur~ng the average density of a fluid. However, no 
work could be found on measuring the spatial variation in 
concentrationo The method finally adopted was to use a 
readily available one curie source of caesium 137 (cs137J 
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behind two lead shields with small holes in themo The col-
limated beam passed through the flume to a detection unit 
shielded from as much as possible of the scattered radiationp 
that is, having a detector shield with a small angle of accep-
tance. 
Initial Calculations 
A general account of the calculations used to predict the 
behaviour of this apparatus is included at this pointo The 
methods were developed from those described in refs o ( 17) and 
(18) and were adapted to this particular problemo 
If a source of strength z curies, emitting q'photons per 
curie, is placed a distance d, from a detector of efficiency 1 
counts per photon, then the count rate A is given by 
(4=9) 
where Ac is the effective area of the detectoro 
The factor K in equation (4-9) is an attenuation factor 
depending on the material between the source and detectoro As 
the photons travel through material, they collide with atoms 
and are either destroyed, deflected~ or form lower energy 
particles o If all the photons suffering collisions missed 
1 0.3 0 
the detector, the attenuation factor K would be an exponential 
function of the thickness of the materialo Normally, howeverp 
some photons which are deflected from their course enter the 
detector and increase the count by a "build up factor" o Th.ts 
factor is a function of the geometry of the system and the type 
of material; 'it may be as large as .3o0 or even highero If 
the . beam is very narrow and the detector window has a suffic-
iently small angle of acceptance, the build-up factor is close 
to 1 .o, such a value being assumed in the rest of this thesiso 
For a beam traversing the flume when the contents have a 
solids concentration C, there will be an initi~l attenuation 
of the beam Kf in the flume wallso Further attenuation will 
take place as the beam traverses w(1-C) feet of water and w C 
feet of solids where w is the internal width of the flume. 
The total attenuation iE therefore given by 
1 -c) w 
. lw .. (4-10) 
where ~g and lw are the thicknesses of solids and water 
respectively required to reduce the photon flux by ~ factor 
of 10o 
From (4-9) and {4-10), we have 
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w 
where A 
A - T 
- '7 r;' · c · K 1 0 w ~ A'Tfd2 f 
(4-13) 
Calculated values of A and B using equations (4-12) and 
(4-13) were useful in designing the apparatus, but for 
experimental measurements .using this apparatus measured values 
of A and B were usedo As a measure of the sensitivity of the 
apparatus 9 a suitable parameter is dA/dC which, from (4-11), is 
given by 
.!12.= 
dC. - A lJ1 (log e 
- B C(log 10) 
10}e e 
Random Nature of Photon Emission 
(4-14) 
The photons are emitted in a random fashion and it can be 
shown (11) that an implication of this is that the number of 
counts. in a given period is distributed according to the 
Poisson distributiono When n is the number of counts measured, 
the confidence limits for the mean are given approximately by 
m1 and m2 defined by the equations 
2 (jn + 1 ~ ~) = - toe 
(4-15) 
where · t is defined by 
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Probability (-toe< x< toe) = 1 - OC 
where xis the abscissa of the N(0 9 1) curveo Stated in words, 
when the area under a symmetrical section of the unit normal 
curve is (1 =oc)' , then the abscissa of the positive boundary 
of the section is t o 
Rearranging (4-5) 9 the (1 ~oe)" confidence limits for the 
true mean count about the ·expected mean count n 9 are given by 
1 * t ex: ( .jn * 1 * ~) 4 
- toe ( rn + ..!:2$) 4 
(4-1 6 )' 
Normally, the true count n is estimated by subtracting a 
background count nb from the total count nto The total count 
rate At is estimated as nt/Tt where Tt is the time taken for 
the count. Confidence limits for At can be found directly 
from (4-16) and these are approximated to by the relation 
(4-17) 
as an interval, within which we have a (1 - ~)probability of 
including At • An estimate of the variance of the measured 
2 
count rate is nt/'F t and 9 for the background variance 9 
2 
nb/Yb 9 where Tb is the time taken for the count to reach nb. 
If both nb and nt are greater than 50 9 both At and A b tend 
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to be normally distributedo One result of this approximation 
is that the difference between At and Ab will have a variance 
~qual to the sum [varo( i\t) + Varo( i\b)J o Using the var-
iances given above and putting A= n/T t 
(4-18) 
Equation (4-18) gives limits within which there is 
( 1- oc) probability of including A o 
E. will be defined by _ 
The proportional accuracy 
0 (4-19) 
In the design of this apparatus 9 the time required to 
obtain a given accuracy is important and the effect of the 
background on this factor is described by Tr o Here T is 
r 
the ratio of the time required to obtain a given accuracy with 
background present to the time required to obtain the same 
accuracy with the background removedo From (4-19), it can be 
shown that Tr is given by 
(4- 20) 
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for the given accuracy with the background removedo The time 
r equired for a given accuracy is therefore always increased by 
the presence of a background count and 9 as ~ b/T br-+ 1 oO 9 the 
required accuracy becomes unattainableo 
As it is often more convenient to time a preset cou~t 9 
some idea of the count necessary for a given accuracy is 
requi redo Using (4-17) 9 the count necessary with no back~ 
' ground to obtain A with (1-oc) probability that the fractional 
error is less than E is given by n
0 
where 
(4-21) 
From (4-19), nr ~ the ratio of counts r equired when a 
background is present to obtain a given accuracy to n0 (the 
counts required with no background to obtain the same accuracy) sr 
is given by 
(4-22) 
where nbr is the ratio of counts used to determine the background 
to n0 o 
At this point 9 all the equations required toe stimate the 
behaviour of a concentration meter in the presence of a back-
ground count have been obtained where the counts nb and n both 
exceed 50o 
Description Qf Meter 
With the one curie source of Cs 1·37 decided upon~ the terms 
z~ ~' g 1 9 1 were all fixed. g w The cs
137 source emitted both 
gamma and beta r adiation 9 but beta particles were all absorbed 
completely by the plate glass sides on the deck plates. ~11 
gamma particles (photons) were emitted with an energy of 
Oo663 Mevg Oo83 photons being produced for each disintegration. 
The term z 7' therefore had a magnitude of 3.7 x 1010 x Oo83 = 
10 3o07 x 10 photons per second. Initially 9 a width w of 
30 inches was used and 9 for preliminary design 9 the distance d 
from source to detector was taken as 42 incheso For 1~ inches 
of glass Kf was Oo4 and from (18) lw = 10 inches. From (4-12) 
A = 550 ~ Ac where Ac is in square inches and B = 5o0o 
2 Initially a geiger tube was used and A was kept at Oo25 inches o 
' c 
Estimating the geiger tube efficiency ~ at Oo05 9 the count rate 
equation was given by 
)\ = 20 x 10-5C counts per secondo 
The geiger tube was shielded with a minimum of 1~ inches 
of lead to reduce background counts. It was found, hcwever 9 
that the count rate at concentrations above approximately 0.4 
was completely lost in the background. Accurate readings 
would have taken a very long timeo With the window 0.25 inches 
deep by 1 inch longg the resolution of the apparatus was not 
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satisfactory and a complex correction procedure was required to 
obtain the true concentration profileo 
Improvement by- a factor of at least 10 was required and 9 
to obtain thisp the geiger tube was replaced by a scintil-
lation detector which had an efficiency of about Oo5 counts 
per photono At the same time 9 the shielding was modified to 
Jmprove the resolution and to enable the concentration profile 
to be obtained directly. Figo (4-4) shcms the final design 
used and Figo (4-10) includes photographs of the apparatus. 
The source was kept in a portable shield which could be fitted 
on to the source holder on the metero The source holder and 
the detector were mounted on separate legs of an inverted U 
frameo Provision for adjustment was made 9 allowing the source 9 
detector and windows to be alignedo The U frame could be 
raised or lowered by means of a pair of screw jacks linked 
together and operated from a point clear of any radia tion 
hazard o 
A Nuclear Chicago 183B scalar supplied the power and 
counting system for both the geiger tube and the scintillation 
detectoro When runs of over 30 minutes were attemptedp it 
was necessary to blow filtered air through the scalaro 
Safety Considerations 
Including both beta and gamma radiation 9 the total radi-
ation from the unshielded source approached 1 oO roentgen/hour 
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at a distance of 3 fto ~he safe dose rate used in design for 
persons working on the flume (all of whom were monitored) was 
Oo1 roentgen per week, making some form of shielding necessaryo 
Shielding required to collimate the beam and protect the detec-
tor was, with slight modifications, sufficient when the source 
was in the normal working positiono For a person working on 
the floor below the flume'· the maximum continuous dose rate was 
less than Oo045 roentgen per week. Therefore, the dose expected 
to be received by a person working on the laboratory floor woul d 
be less than Oo01 roentgen per week, the maximum allowable for 
unmonitored personso 
The source was always kept inside a container with a 
close-fitting door and, just prior to taking measurements, the 
door was swung clear and the whole unit slid forward on to a 
matching shieldo It was only during this operation that the 
dose rate was higho All parts of this operation were carried 
out from behind the source where the shielding remained in 
place, so that back-scatter of gamma radiation and soft x- rays 
from the beta emission were all that reached the operator. 
As the time required was very short (less than a minute) and 
all operators on the flume were monitored, no shielding against 
back-scatter was providedo 
Normally, excluding the preparatory operation described 
in the preceding paragraph, and except along the line of the 
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beam, the dose rate was less than 0.1 roentgen per week for 
all points more than 1 ft away from the shielned source. 
Fluid Velocity and Pressure Measurement 
( 
Me-asuring Head 
As the conditions in the moving bed were extremely rugg~dp 
a very simple, strong and wear-resistent form of velocity meter 
was required. After an examination of the various possibil-
ities, the only two feas ible methods appeared to be the use of 
a probe measuring the thickness of the boundary la~er over an 
e lectrode or the use of a pitot-static tube. In the boundary 
layer thickness method, the usual measurements are of the 
transfer of heat or electric current ac ross a surface. 
Measuring the current flowing through an el ectrode with a very 
dilute alkaline solution of ferri -cyanide used for the working 
fluid gave a low response time (in the region of 0.001 seconds) 
and gave satisfactory test results with the possibility of 
measuring the total velocity vector, but, because ultimately 
the flume was operated with a continual discharge of water to 
a local stream, the method proved to be unsuitable from both 
the cost and pollution points of view. 
Pitot-static tubes were therefore used for fluid velocity 
measurement. Two tubes made up of % inch stainless steel 
tubing and with solid stainless steel noses were mounted 
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1' inches aparto Included in Figo (4-5) is a drawing of these 
tubes and Figo (4-12) is a photograph of them 9 taken after the 
experimental runs were completedo The tubes consisted of a 
section parallel to the flow for measuring purposes and perpen-
dicular to this was a leg going up to a mountingo To stiffen 
the tub~s and also reduce the disturbance at the surface of the 
supercritical flow, a sharp~edged leading section was attached 
to the perpendicular section of the tubeso Previous experi~ents 
had proved the stiffness of the supporting mount to be importanto 
A mount was built to hold the pitot- tubes while allowing 
rotation about two perpendicular axes and movement along one 
axis {no~ally that pe rpendicular to the flow)o The mount 
could also be shifted from one side of the flume to the othero 
Figo q4-5) is a drawing of the mount and Figo (4- 13) is a 
photograph of it in position with the pitot tubes attachedo 
Pressure Measurement 
The four leads from the two pitot-static tubes were taken 
along the mount, across the deck and down to a manometer system 
mounted on a stand about 4 ft above the floor and over 7 ft 
below the flume decko Earlier attempts to mount the mano~ 
meters on the flume deck had failed because any small leak 
allowed air into the system and, furthermore, the valves used 
were not reliable at pressures below atmospherico 
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For a manometer circ~it measuring the head .h between 
two points, an equation can be written relating h to hm 9 the 
measured head 
dh dh I dh 
h = h + R c m + s c2 m m 
-m 'dt <it dt (4- 23) 
dh . 
In (4-~3), if the flow is Q, then C = o;l.dtm' the hydraulic-
resistance is R Q + S Q lol and the inertial head is I~ o 
Both R and S are not true constants as, in general, the flow 
resistance equation will vary with Qo However, if R < S Q 
for Q <<maximum value of Q, then a close approximation is to 
assume S constant and R = Oo In the system used in these 
experiments, the assumption R = 0 is satisfactoryo If 
R, C, s· and I are known, then the true fluctuating value of h 
·can be found, provided ~, dhm/dt and ct2~/dt2 are all 
measured as functions of time. 
If S is some function of Q, that i s symmetrical about 
Q = o. then a randomly :var.ying signal h applied to the system, 
of mean value h, will result in a fluctuating value of h such 
m 
that hm = h • The effect of a departure from symmetry, of 
the function s of Q, (that is, if the magnitude of nead loss 
is dependent on the flow direction) will be to bias the value 
If the value of S is lower for flow ffrom P to Q than 
for flow from Q to P, then the measured head at P relative to 
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Q will be greater than the true valueo 
From (4-23) it can be seen that 9 for a quick re$ponse 9 C 
shou,ld be kept .as .small._.as_ possible o 
Perchlorethylene Manometers 
The first manometer system used was based on a set of 
single column manometers with dyed perchlorethylene (specific 
gravity 1 o623) as the working fluido Two manometers were 
used for measuring the velocity heads and one for measuring 
the head difference between the two static connectionso 
Valves were arranged to allow flushing back with de-aired 
water through the pi tot- static tubeso Each manometer con~ 
sisted of a 3 momo bore glass tube, the pressure connection 
being to the top of the glass tube and the top of the reser~ 
voir. A diagram of the sys tern is shown in F1go (4-6) and 
the complete ~ssembly can be seen in position in Figo (4-9)o 
All valves, manometers and fittings were attached to a single 
board together with tre valves used when measuring the 
pressure in various parts of the flumeo A fourth manometer 9 
identical with the other three, was fitted to provide against 
failure of one other during a runo A kerosene-water manometer 
was tried but found far too sluggish in operationo 
Pressure Transdu~er System 
Even with the 3 momo tubes, the response of the system 
was quite slow and the large amount of fluid flowing into the 
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pitot-static tubes when th~ pressure changed tended to 
introduce air into the system, making frequent flushing 
necessary. Consequently, it was decided to build a system 
with a much smaller value of C and a high sensitivity to low 
heads. The apparatus considered the m~t suitable was an 
electrical pressure transducer as, if successful, this equip-
ment could ultimately be used to obtain the actual fluctuating 
value of h, using equation (4-23)o Because at the time a 
suitable commerical transducer could not be obtained 9 one was 
built up. A bellows was immersed in transformer oil, one 
pressure connection going directly to the inside of the 
bellows and the other to a reservoir of oil with a water-oil 
interface 9 The oil reservoir was connected to the oil 
surrounding the bellows and a Phillips displacement transducer 
P.Ro9310 was used to measure the bellows displacemento A 
drawing of this apparatus is included in Figo (4-7). The 
complete system was contained in a well insulated box and the 
electrical leads from the PoRo9310 taken to a Phillips direct 
reading bridge PRo9300. The output could b~ read directly 
on the bridge meter or taken through a Phillips GM4531 DoCo 
amplifier to a Kelvin Hughes MK5 single channel pen recordero 
This system required less than 0~2 ccs of fluid per foot head 
difference appliedo 
in Figo (4-14~o 
A section of the output record is shown 
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Particle Velocity Measurements 
The only method of directly measuring the particle vel-
ocities that was attempted was observation~ frame by frame~ of 
a movie negativeo Particles used in the flume . were river 
gravels and, when the flume was operating, a fine flour was 
generated by abrasion of the stoneso This flow could be 
settled out in a beaker over a period of hours , but treatment 
of the large quantities of water flowing in the flume was not 
practicableo The best that could be done was to continuously 
discharge two cusecs to waste and replace this with clean water 
from the laboratory supplyo Even then, the visibility was 
such that a ruler could just be read through three inches of 
the contaminated water in the flumeo 
Originally it was intended to photograph the particles 
through the surface of the flow, using a system of prisms to 
form a stereoscopic pair in each frameo Because of the 
opaque nature of the circulating water, this was not possibleo 
The only phqtographs that could be taken were through the 
glass sides of the flumeo Various techniques were employed~ 
the three main ones being as follows :-
A Phillips stroboscope was used as a light source while 
the film was pulled continuously through a Southern instruments 
oscilliscope camerae The image was formed on 35 mmo film and 
was of good resolutiono However 9 even with the fastest a vail-
able filmp the light was insufficient at frame rates above 
20 - 30 frames per second; these frame rates were unsatis~ 
factory for useful measurenents and th.is method was not 
persevered witho 
The next device used was a Bolex 16 mmo H16 movie camera 
operated at 64 frames per second with an exposure time of 
1/640 secondo Light was supplied by eight 500 watt. photo= 
floods and this gave a good clear imagep but it was found that 
the photographs were not suitable for analysis as~ at 64 frames 
per second~ the time elapsed between frames was so grea t that 
it was not possi~le to trace a given particle from one frame 
to the nexto This method was therefore abandonedo 
Finally~ a Magnifax high speed camera was used ~ The 
image was not as good as that produced with the Bolex 9 but the 
high frame speed made visual analysis possibleo To obtain a 
reasonable image of rapidly moving small particles~ a short 
exposure tif(le was necessary and also!) if possible 9 a depth of' 
field of about 2 inches~ As both decrease of the exposure 
time and inGrease of the depth of field required increased 
illumination, it was important to have the maximum possible 
light6 A bank of six 500 watt photofloods was placed just 
above the surface of the flow, two 500 watt photofloods on 
one side of the camera and a 1 11 000 watt Baur "Sungunu on the 
othero A photograph of this arrangement can be seen in 
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Figo (4- 1 5)\ The film used was 16 mmo Kodak Plus-X negative 
and the lens was, in normal use, fully opened at f2o0o 
After the film haq b~en developed, it was analysed using 
a motion analysis projector and a sheet of tracing paper 
placed over a screen~ the fi~m being projected frame by frame 
and selected stones sketcned on the paper for a ~eries of 
frameso 
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CHAPTER 5 
E X P E R I M E N T A L P R 0 G R A M M E 
SYNOPSIS 
This chapter starts with a note on the objects of the 
experimental programme and then describes the measurements 
taken and the programme carried out to attain these objects o 
Details of the apparatus used are given in Chapter 4 and the 
results of the experiments are to be found in Chapter 6o 
OBJECTS 
In Chapter 2 it is shown that for a wide range of sediment 
carrying flows the assumption of a high particle Reynolds 
number is justifiedo In Chapter 2 9 a method of calculating 
the velocity and concentration profile in the bed of a stream 
is developed in terms of two functions of the concentrationp 
2 du 2 F1 and F3 p where F1 = P/Tt and F3 = Tt/~D (dY) o An implied 
assumption ma~e in this approach was the existence of a deep 
moving bed at high values of T* = 'r t/(;os -;<>f)g D.o 
The first object of the experimental programme was to 
observe the general behaviour of a moving bed of stones for 
T* > 1 oO and in particular to examine the thickness of this 
bed layero Other objects of the programme were to measure 
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F1 and F3 at high Reynolds numbers for ~s~f > 1o0 and to 
compare the experimental values obtained with those predicted 
from the equations derived in Chapter 3 o 
GENERAL FORM OF EXPERIMENTS 
Measurements were made of a more or less uniform steady 9 
open channel flow generated with the flume described in the 
previous chaptero These measurements were of solids: 
concentration 9 fluid velocity~ particle velocity and static 
pressure distribution a$ functions of depth, and also of the 
bed slope and particle gradingo 
include all of these parameterso 
Some sets of runs did not 
Three different particle sizes were used 9 there being 
one flow rate for the first size and two flow rates for each 
of the others, making a total of five sets of resultso 
Operation of Flume for Measuring Runs 
At the beginning of each experimental run, the flume was 
filled and, using both the ma.in pump and jet pump, gradually 
brought up to full flowo During this operation, care was 
necessa ry as too rapid a start could lead to an overflowo 
About 5 minutes were required to reach full flow and another 
10 minutes were allowed for equilibrium to be attainedo 
Normally, no further measurable change occurred after the 
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first five minutes operation subsequent to reaching full flowo 
As many measurements as possible were taken and, when the 
available water supply ran outp the flume was stoppedo 
MEASUREMENTS 
Concentration Measurement 
To take advantage of 'the lower air temperature and 
consequent greater reliability of the scalar~ all concentrat~on 
measurements were taken in the eveningo The scalar was turned 
on at least an hour before the start of all the runs made for 
these measurementso To allow the counter head time to reach 
an equilibrium temperature, the voltage supply for the scin-
tillation detector was brought up to the full operating valueo 
Immediately prior to the run being startedp a mea$urement of 
the background was made 9 then the source container was opened 
and the source brought into positiono 
When the 10 minutes allowed for the flow to reach a 
steady state had elapsed~ the beam was lowered to just below 
the surface of the fixed bed and counting startedo The elec-
tronic counter on the scalar indicated in lights the binary 
count up to any preset integral power of 2 equal to or less 
than 256o Upon reaching the preset limitg a pulse was 
registered on the mechanical counter and the electronic 
counter reset to zeroo Counting was stopped when a preset 
number of pulses was registered on the mechanical countero 
This mechanical counter was normally set to stop at 10, the 
minimum possibleo During the count, the time taken for 
Oo1, Oo3 and Oo6 of the total count (or some other similar set 
of fractions) was noted and, if any discrepancy appeared in the 
rates during any interval, the count was restartedo This 
latter precaution was necessary because the mechanical counter 
was not always reli able, but occasionally failed to count when 
pulsed by the electronic countero 
When a satisfactory count had been achieved at a given 
level, the beam was raised to the next level where a count was 
required and the process repeated a Although it was normal to 
measure from the deepest point upwards~ this procedure was 
reversed on occasions, the order of taking the results being 
that of their listing in Chapter 6o If a complete traverse 
was not obtained in one run, four or more points from the 
first run were repeated on the secondo The increments used 
were governed by the rate of change in the count 9 the more 
rapid the rate of change the smaller being the incremento 
After each run was completed 9 a further background count 
was obtainedo To calculate from At, 9 .Ab was assumed to 
vary linearly with respect to time between the values obtained 
at the beginning and end of the runo 
Fluid Velocity and Stat.i£......fressu re 
The pitot-static head described in the previous chapter 
was useQ for fluid velocity and st~tic pressure measuremento 
While the flume was settling down to a steady state before a 
series of measurements was begun, the pitot-static tubes were 
lowered to the bedo All parts of the system were flushed 
with water containing very little dissolved air 9 the final 
flushing being always back through the pitot-static tubes 
into the flumeo Just before taking the readings, the tubes 
were aligned parallel with the bed slope and the walls of the 
flumeo 
Two different types of apparatus were used in measuring 
the pressures, namely, manometer tubes and an electrical 
pressure transducero Details of both pieces of apparatus are 
given in Chapter 4o In using the manometer tube system 9 the 
pi tot-static tubes were set at the required depth and the time 
taken for the manometers to reach the new steady mean value was 
notedo After a further wait for a period of half the time 
taken to reach the steady state, the readings of G~-11 three 
manometers were recorded o The pi tot~sta tic head was then 
shifted to the next position and the process repeatedo A 
traverse was made from the. loweat depth to which the tubes 
would sink under their weight to a point where air~entrainment 
or separation affected the top tubeo During the traverse 9 
frequent flushing of the pitot~static tubes was carried outo 
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The same point was measured before and after flushing and, if 
any significant disagreement occurred 9 the measurements taken 
since the previous flushing were repeatedo 
In using the pressure transducer, the following procedure 
was adoptedo Before each run, flushing of the tubes was 
carried out and, to enable all the electronic equipment to 
reach a steady operatingtemperature 9 it was left operating 
for an houro Just prior to starting the run 9 the two sides 
of the pressure cell were inter- connected and the bridge and 
pen recorder set to zeroo The cross-connection was then 
closed and each differential measurement made separatelyp 
normally in the following order: top velocity head, bottom 
velocity head, static head differenceo 
The measurement was taken by recording with the pen 
recorder the trace of the transducer output and noting on this 
output the scale setting of the bridge 9 the level of the 
pi tot-tube and any other relevant info nnation o A record at 
least 30 seconds long was taken for each measuremento 
For the earlier runs, the method adopted was to read the 
three differential hea~s at each point in turn, shift the 
pitot-static tubes to the next point and then repeat the 
procedureo Later in the series, it was found that a procedure 
less subject to error and less time consuming was to make a 
traverse of all the top velocity heads, followed by a traverse 
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of all the bottom velocity heads~ and finally a traverse of 
all the static head differenceso 
During the measurement runs~ the zero point was checked 
at each change of scale and at intervals of not more than ten 
readingso This zero check was performed by inter-connecting 
the two sides of the pressure tr~nsducero 
Particle Velocities 
The only successful method of measuring the particle 
velocities was to measure the velocity of individual particles 
from photographs taken with the Magnifax high speed camera and 
the lighting system described in Chapter 4o After being 
positioned on the flume deck with its lens axis perpendicular 
to the walls of the channel, the camera was focused on a grid 
placed on the glass side panelo Adjustment of the lens was 
then made to shift the plane that was in focus a further 1~ inches 
from the camerao This adjustment meant that the camera was 
focused on a point inside the flumeo After the flume had been 
operated at the . requi~d flow rate for a period of at least 
15 minutes, the lights were turned on and the camera was 
operated for a period of approximately 3 seconds then allowed 
to stopo This procedure was carried out twice for each of 
two flow rates and on all occasions the camera speed was set 
at the minimum possible valueo Following these runs, the 
camera was shifted from a point 32 inches away from the side 
panels to a point 45 inches away and a similar set of four 
sequences of photographs was madeo 
After the film had been developed 9 the negative was 
projected frame by frame on to a sheet of tracing paper. When 
the first frame was projected, the images of a number of the 
particles as well as the image of the grid on the side of the 
glass panel w~re sketched on the sheet of tracing papero 
The next frame was then prnjected and the new image of the 
grid position over the previously sketched grid o Then the 
new images of the same particles as had been sketched for the 
previous frame were sketched in a different colouro This 
process was repeated frame by frame until eleven frames had 
been sl<e tched on the one sheeto At. this stage, the sheet of 
tracing paper was changed and the eleventh frame shown on the 
fonner sheet was sketched as the first frame of the new oneel'. 
Th~s procedure was followed until all the useful frames in a 
sequence had been sketched o As particles moved out of view 
to the right of the picture, sketches of new particles appearing 
on the left were startedo 
Two sequences of photographs for each of two flows were 
treated in this way 9 all photographs having been taken when 
the camera was 32 inches from the flume side panelso A 
timing mark made on the film during exposure enabled the film 
speed in frames per second to be calculated as a function of 
frame numbero Hence, the component of velocity in the flow 
directionv as well as the vertical co-ordinate relative to the 
griu, was obtained ror each particle sketchetlo 
The velocity profile for each sequence was obtained by 
dividing the vertical co-ordinate into small elements and 
finding the mean height and velocity of all the particles 
contained within each elemento The join of the points defining 
these mean heights and velocities was then taken as the velocity 
profileo After correction for shift of the top of the fixed 
bed, the average of the two sequences was used as the particle 
velocity profile for each flow rate o 
WORK P_ROGRAMME 
Tests on ~-~" Gravel 
After the flume and associated equipment had been tested, 
the side panels were set up as shown in the plan, Figo (5-1)o 
A channel 30 inches wide extended from the head tank to the 
gravel separating screens o Each side of this channel was 
constructed of one glass panel and a number of light steel 
panelso A layer of light welded steel mesh was placed along 
the floor of the channelo About 14ft upstream from the over-
flow weir, two further walls branched off the channel and 
formed a tail tank with a maximum width of 8 fto 
The concentration meter, including the scalar, was mounted 
on a movable trolley spanning the whole width of the decko 
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1.3.3o 
At the downstream end of the glass panels~ the pitot~static 
tubes were set UPo 
Initially 9 6 cubic yards of~=~ inch gravel were loade9 
into the flume and circulated until a steady state was obtainedo 
Further small quantities of gravel were then added until a bank 
had been formed just downstream of the head tanko It was 
found that this bank stabilized the flow pattern and made the 
velocity more uniform across the flumeo Because this particle 
size was large and consequently T* was small, only the maximum 
available flow was used in the experimental runso This flow 
gave the max.imum possible value of· T.* and there was no apparent 
development of waves in the bed materialo 
Concentration measurements were made using the apparatus 
previously described and the concentration obtained directly 
from the values of A o 
Using the perchlorethylene manometers with the technique 
described earlier in this chapter 9 the velocity heads. and 
static pressure difference were measured over as much of the 
channel depth as possibleo 
A sample of the gravel loaded into the flume was subjected 
to a sieve analysis and at the end of the runs two further 
sieve analyses were madeo One sample analysed was taken from 
the whole load of gravel in the channel; the other sample was 
taken from the top layer of material onlyo 
1.34o 
The surface and bed profiles were measured during the 
course of the series of runs and the slope over the measuring 
section was checked three times during this periodo Finally 9 
the flwne :was tho.r.oughly .cl.ear.ed .of _all . .s.o.l.id _m.at.eri.al o 
Tests with 3/8- 3/16 inch Gravel 
Before loading the flume with the next size of particles, 
the channel width was reduced to 24 inches 9 with the first 
panel of the flume tapering from 30 inches at the head tank to 
24 inches as shown on the plan 9 Figo (5-1)G After this 
adjustment 9 the flume was loaded with 3/8 - 3/16 inch gravel 
until a bank had formed about 8 ft downstream from the head 
tanko Although the channel and consequently the flow just 
below the head tank were not symmetrical 9 the flow downstream 
from the bank was symmetrical about the centre line of the 
24 inch channelo 
TWo different flow rates were examined and, after the 
detector had been shifted 6 inches closer to the source, the 
concentration for each was measured in the same manner as 
described aboveo 
The pressure transducer was used to measure the two 
velocity heads and the s ta t.i,,c pressure difference at both 
flow rateso All three differential heads were measured at 
e&ch point before shiftin~ the pitot-static head to the next 
point of the traverseo 
135o 
Photographs of the flow were taken w~th the 16 mmo Bolex 
movie camera operated at 16 frames per second and also at 
64 frames per secondo Sieve analyses were carried out before 
and after this series of runso 
At the higher flow rate, some bed instability developed 9 
but this was not observed at the lower flow rateo The bed 
instability consisted of a .series of low waves (at about 
5 ft spacing) in the moving bed material, these waves moving 
slowly .dnwnstreamo 
Tests on ~ inch Pea Gravel 
On completion of the previous series of tests, the 
3/8- 3/16 inch material was replaced by% inch pea gravelo No 
changes were made to the flume geometry or to the equipment used 
in the previous series of testso As the ~ inch pea gravel was 
the smallest size of particle to be used and therefore would 
be that giving the maximum value ofT* = Tt/(;os-;of)g 0 9 the 
results were more comprehensive than those taken for the 
particles of other sizeso In particular, the particle velocity 
was measureQ directly from photographs taken with the Magnifax 
Details of the method employed may be found in an 
earlier part of this chaptero 
No change was made in the method of obtaining the concen~ 
tration measurements, except for the higher flow rateo In 
this case , the instability of the bed had developed into a 
fairly regular wave pattern moving slowly downstreamo The 
values of .A taken from the concentration meter were corrected 
to give a profile of A relative to the top of the fixed bed 
rather than to a fixed datumo The method used for this 
correction qnd its derivation are detailed in an appendix to 
this chaptero 
When measuring the velocity heads and static pressure 
difference using the pressure transducer, a traverse of all 
the top velocity heads was made 9 followed by a traverse of all 
the bottom velocity he~ds 9 and finally a traverse of all the 
static head differenceso 
Photographs were taken with the Bolex 16 mmo movie camerao 
Sieve analyses were carried out before and after the series of 
runs e 
APPENDIX TO CHAPTER 5 
CONCENTRATION PROFILE CORREqTION 
MADE NECESSARY BY BED WAVES 
INTRODUCTION 
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In the full flow case with~ inch pea gravel 9 a regular 
series of waves formed in . the bed and moved slowly downstream. 
As the wave period was shorter than the time required to 
obtain a reasonable count on the concentration meter, these 
waves led to an incorrect profile o The shape of these waves 
was steady with respect to an observer moving downstream with 
a velocity Co Therefore, we can consider a fixed point rel~ 
ative to the flume as having a velocity, -c, relative to a 
stationary wave pattern. 
A method of calculating the concentration profile relative 
to the top of the fixed bed is requiredo Measurements of 
A , the long tenn mean count 9 have been made at various va,lues m 
of Yo These show that y can be divided into three sections 9 
an upper section with a large constant value of Am 9 a central 
section in which Am is varying 9 and a lower section with a 
small constant value of Am o 
CORRECTION PROCEDURE 
As the waves were small (about 1~ inches in height) and 
the transport rate was high, it was assumed that the s urf~ces 
of constant concentration were all parallel with the top of 
the f !xed bed o The profile of the intersection of the top 
surface of the fixed bed and the side panels was obtained by 
observing a sequence of photographso From these photo8raphs p 
the wave height was measured and divided into seven equal 
elements of length 1 labelled 0, 1, 2 o o o 6o The propor= 
tion of time that the pro.file height was between (i + 1 )6 
and iS was called ¢(1) where the height wa$ measured f rom 
the lowest part of the profileo 
In Figo ¢5- 2), a plot of the top of the fixed bed as a 
11 + 12 
function of y is given and here (i) = ~~L--- 0 
1.39o 
The assumed system of parallel isoconcentrations ~.11 
movi~g _ downstream together can be replaced by the system 
shown in Figo (5- J)o Here the detector point is moving along 
straight lines cutting a set of fixed isoconcentrations'Q If 
the datum for the fixed co- ordinate system intersects the 
lowest point of the top of the fixed bed and the -mean count 
rate along the line A - B at a height of k 5 is called 
A (k)p then~ (k) is related to ;\(k) as fo11ows 9 m m 
where A(~ is the count rate along the isoconcentration at 
height k above the top of the fixed bedo 
An equation in the form of (5- 1) can be written for each 
measured value of A (k) 9 giving a total of n equations and m 
(n + 6) unknown A~k)o In both regions (c) and (d) in 
Fig<~> (5~3) 9 .A(k) will be constant and knowno 
Solution is possible 9 therefore, by starting from a point 
in a region (c) where .A(k) is known and proceeding step by 
step down through the region of varying A(k) using the 
equation 
:A (k- 6) = >.. (k) ~ 
m 
5 I A(k- i) ¢(i)/ ¢ (6) o 
i=o 
(5- 2) 
Region (c) can be considered as either the clear water 
140o 
region or the fixed bed region 9 so long as the values of 
¢(i) are arranged accordinglye 
OBTAINING NUMERICAL SOLUTIONS 
The most serious disadvantage of (5=2) is that P(i}/ ~ (6) 
is generally of order 1 o An error in .Am (k) can therefore A propf agate and increaseo Nonnallyp the negative sign in the 
equation causes an oscillation in the effect of the errorso 
A computer programme was used to solve (5-2 )o It was 
found that 9 if the A~profile was calculated twice, firstly 
from the clear water down and secondly from the fixed bed up 9 
the two solutions were reasonably stable over half the t hick= 
ness of the rapidly varying regiono Beyond this a rea P 
oscillations in the solution increased rapidlyo The results 
in the areas of large oscillation were discarded asp by 
including results from the stable part of both calculations of 
tne profile, a complete profile was obtainedo 
From the .A- profile obtained in the above manner, the 
concentration profile was found by direct application of 
equation (4- 11) 
1 A 
c = B log10 3\ (4=11) 
where A and B were measuredo This equation is discussed in 
Chapter 4o 

CHAPTEf3.J. 
E X P E R I M E N T A L RESULTS' 
SYNOPSIS 
This chapter is arranged in four parts 1 the first li~ting 
the results of tests carried out on the measuring equipment~ 
such as the concentration ·meter and the pressure transducero 
Each of the last three parts contains the complete 
results of the flume tests carried out on a given size of 
particle, the order of these parts being that of decreasing 
particle sizeo 
PART I 
Concentration Meter 
All concentration measurements were taken using a 
Phillips scintillation det ection type PW41 11 connected to a 
nuclear Chicago counter~scaler model 183Bo For all counts 
the resolution was kept at one microsecond (that is~ the 
counter was set to distinguish between two pulses separated 
by one microsecond or more) and the counter operated by 
measuring the time taken for a previously set number of countso 
V.alues of the count rate as a function of voltage for 
a constant photon flux are given in Table (6-1} and plotted 
14.3 0 
in Figo (6-1) o As a measure of the resolution of the systemp 
the apparatus was traversed across a step change in density 
and the count rate recorded as a function of distance fro~ 
the stepo To reduce the results to a general dimensionless 
form~ they were transformed to the dimensionless variationp 
d.v., by 
d v = log( . ~ount Rate )/log(m~x~mum ct rate) 
• o mln~um ct rate mln1ffium .ct rate o 
Results of this test are tabulated in Table (6-2) and plotted 
in Fig o ( 6-2) o 
Table (6=1) 
Count rate as a function of the voltage 
supplied to the scintillation detector for 
a constant photon fluxo 
Voltage Count Rate yoltag~ Count Rate 
1 ,1 00 8o74 c/m 1 9500 .37,100 
1 ,1 50 9o55 1 ,525 .38,200 
1 ,200 21 oO 1 p550 .39p000 
1 ,250 102 1$)575 40p000 
1 ,275 970 1 p600 41 9000 
1,.300 14p800 1 Sl625 41 p.)OO 
1 ,.32 5 1 6 p61 0 1 ~650 41 p600 
1 ,.3 50 21 p500 1 ,675 41 p900 
1 11.375 2 5 $).300 1 !>700 41 p900 
1 ,400 28,400 1p725 42 9 000 
1 ,425 .30,500 1 p 750 42p.300 
1 ,450 .3.3,200 1,775 42,200 
1 ,475 .3 5 9000 1 p800 429400 
Table (6-2) 
Variation of count rate as a function 
of th~ distance~ d 9 of the beam centre-
line from a step change in mean density' 
al.s.o the dimen.siorlless varia.tion ~ do v o 9 
equal to 
( ct rate )/ (maxo ct ra-te) log mino ct rate log mino ct rate 
d Cts/~Uno doVo 
+o688 148 9 000 o999 
+o437 149 9000 1o000 
+ o187 149 ~000 1o000 
+o063 118 9900 o903 
~o063 20g200 o142 
""'<> 187 13!).3 60 -o036 
=o312 1 , .. 9400 -o004 
-o437 14,380 - o004 
-o688 14 9480 -oOOO 
Pressure Measuring Eguipment 
The following tables 9 (6- 3) and ( 6- 4) 9 contain results of 
the calibration tests carried out on the pressure transducer 
referred to in Chapter 4o Pressure differences were applied 
to the transducer by two methods ~ one used for values of 
differential head greater than 5 inches and the other for 
differential heads less than 5 incheso The first loading 
system consisted of two tanks fitted with hook gaug~s m~asuring 
to Oo001 ft 9 one tank being connec ted to each side of the 
transducero In the second loading system 9 two large vessels 
were connected 9 one to each side of the transducer 9 and water 
added in small quantities from a burette to one of the vessels, 
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the change in head being calculated from the geometry of the 
systemo 1lhe pressure transducer was connected t o a Phillips 
PR9300 direct reading bridgeo The out put was read either on 
the bridge meter or supplied t o a Phillips GM4531 D.Co 
amplifier connected to a Kelvin Hughes mark 5 pen rec order" 
Differenti al pressures are given in equivalent feet of 
water at 68°Fo The sett~ng of the step attenuator on the 
PR9300 is given in the "Range" c olurnn o Meter readings· 
(where shown) and the attenuator settings are given in microns o 
The results have also been plotted in Figso (6- 3) and 
(6-4)o 
Table ( 6 .... ,)) 
Pressu re transducer calibration carried out 
using the meter of the PR9j00 immedia tely 
prior to the flume experimentso 
Ran~ Meter Pressure B!lnge Me_t~ Pressure 
3 o60 o002j8 100 6 o022) 
3 1 o30 o00477 100 14 o8 o0492 
3 2o05 o00750 100 22o6 o0738 
3 2 o62 o00954 100 32o2 o1036 
3 o08 oOOOO 100 37 o1190 
100 37 o1190 
30 1 0 9 o0059 100 43o2 o1381 
30 Jo 7 o0119 100 50o2 o1595 
30 5o6 o0181 100 55o7 o1750 
30 7oJ o02)8 100 61 0 7 o1929 
30 9 o1 o0298 100 68o5 o2141 
30 11 oO o0357 100 76o2 . 2380 
30 12o9 o0417 100 81 o9 o2553 
30 14o8 o0479 100 88e1 o2761 
30 16 o6 o0536 100 97o0 o3015 
30 18o3 o0597 
('Ilable cont inued overleaf ) 
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Table (6 - j) Contgg 
Range Mete.r Pressu~ Range Meter Pressure 
300 20o1 o0607 300 439 0 715 
300. 40o0 o1189 300 254 .,764 
.300 62 o1834 ~00 278 o~34 
300 80 o2383 
300. 105 oJ13 1 9000 270 o834 
.300 120 oJ57 1 "QOO 284 0~85 
300.. 134. o.399 1 ,ooo 306 o951 
30.0. 16.0 o476 1 pOOO .J25 1 o014 
300 178 o529 1 ,ooo 345 1o07Q 
.300 200 o595 1 "000 .362 1 o129 
300 218 o651 
Tahle (6- 4) 
Pressure transducer calibration using the 
Kelvin I:Jughe s. p.en rec.o rder wi.th maximum 
amp1ification on the GM4531o 'Uhe pen 
displacement is given in millimetreso 
Th~ s r~n was. m.C!-de at the completion of the 
flUme experimerttso 
,Ban~ ~ Pressure Rang~ ~ Pressure 
3 0 oOOO 100 14o1 o377 
3 !loO o006 100 16 o5 o442 
3 1Qo0 o013 100 18o6 o518 
.3 if>o2 o024 100 19o4 o552 
10 5o5 o024 .300 7o.3 o552 
10 1 ~o1 o051 .300 8o4 o619 
10 2Qo1 o079 300 11 0 5 o8.39 
.300 1.3 0 9 1 o011 
.30 7.o9 o072 300 16o4 1 o236 
.30 9o0 o08b .300 18 0 2 1 o419 
30 12o7 o11 5 
30 16o1 o146 1 pOOO 6 o1 1 o419 
.30 17. o4 o15b 1 pOOO 7o.3 1o765 
.30 18o2 o165 1 "000 7o8 1o945 
30 19o6 o184 
30 20o.3 o218 .300 8o2 o542 
100 8o1 o218 100 9o2 o206 
100 9o2 o243 
100 11o5 o307 .3 2o5 OoOOO 
3 OoO oOOO 
300 ·---4--
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PART II 
f.!ow Geometry 
Only one flow was used (estimated from the velocity 
profile to be 5o7 cusecs/ft) and the flmne was maintained at 
a fixed slope of Oo063 and width of' 2o 5 f t" The water 
surface p rofi.le and bed profile ne asured during the runs are 
Aft er a steady state was reached~ t he 
slope over the test section was measured with a surveyor~s 
level and rulero 
Bed slope at test section = Oo048o 
Particles 
The particles used were mainly a very hard sandstone 
(known locally as "greywacke") in the fonn of river washed 
gravel commercially screened to~ inch- ~ . inch limitso 
During experimental runs, the gravel was broken up by the 
action of the flow ~ the small fragments of stone tending to 
lodge in the interstices in the stationary part of the bedo 
Near the end of the tests P two samples wer~ given a sieve ana-
lysiso One consisted of mate rial sampled from the total 
solid material in the flumeo The second consisted of material 
sampled from the top 2~ inches of the bed only ; on analysis 9 
1 51 • 
~~is se~o~~ sample was found to be similar to the original 
material loaded into the flumeo Both sieve analyses are 
plot ted in Fig o (6- 6 )) and a photograph showing a sample of the 
original gravel used can be found in Figo (6-24)o 
As in the dimensional studies described in Chapter 2 the 
predominant parameter contained (D2 ), the effective diameter 
of the particles was taken to be the square root of aver~ge 
2 
value of D o Averaging was carried out by weighting each 
increment of diameter according to the total proportionp by 
weight contained within that increment. This romoSQ diameter 
as calculated for the top 2~ inches of the bed was used in 
later calculations of F.3o 
romoSo diameter of ~ inch ~ ~ inch 
particles from top of bed = Oo0478 ft 
c·oncentra tion Measurements 
All the concentration measurements were carried out with 
the gamma ray measuring equipment using the Na I scintil-
lation detectoro In operation, the counter was used to time 
a preset counto The count rate obtained was corrected for 
background and the corrected counts per minute are listed 
(denoted as ·A) in the tables below. The depth was measured 
relative to an arbitrary datum and this depth listed in the 
table o From the value of .:X. the concentration C was obtained 
152 0 
~Y using equation (4- 11). The clear water count A was 
measured and the parameter Bin (4=11) calculated from the 
attenua-t;.ion of the beam when passing through a weighed sample 
of gravel. 
Clear water count A = 708 CoPoMo 
Detector supply voltage ~ 1 ,600 volts 
From equation (4- 11); putting B = 4o42r 
.A= 708 1 o-4 o42c 
which on rearr anging becomes 
During the counting, time checks were made to test for a 
failure of the mechanical count registero Where this occurre d p 
the count was restarted. Only t he final counts and count 
rates are listed below in Table (6=5). 
marked "Bg" o The free surface was at ~~ inch with respect 
)/.1 
I 
Background counts where included in the main runs are 
to the datum used below. 
153~ 
'Jfable. .. ~ .6.~ 2) 
c", ·\. lui''") Concentration meter results for • ~ ) .._•(J • ~ inch - ~ inch gravel ( )'' l . . 
' 
DeP.,.th £.!:.§. Cts/Mino ~ £ 
Bg 
_..,.... 1024 114 
8 o625 -1- Or/) 640 108 - 6 
8 . 375 " 640 118 +4 o51 
8o125 ., 640 117 3 o54 
7o875 . r 640 117 3o5 o52 
7.75 .. 640 123 9 o43 
7 o625 ., 640 120 6 o47 
7.5 • ( 640 125 11 o41 
7.375 •I 640 133 1 9 o36 
7.25 640 141 27 o.32 
7 .. 125 640 134 20 o35 
7.0 640 1 51 37 .29 
6.875 640 177 6.3 o24 
6.75 640 179 65 o24 
6.625 640 202 88 o21 
6.5 640 220 106 . 19 
6 . 375 640 218 104 o19 
6 .. 25 640 230 116 .18 
6.125 640 260 146 01 .5 
6.0 640 320 206 o12 
Break Between Runs 
2.875 640 94o9 - 1 e1 
3.125 640 105.1 +9 o1 o43 
3.375 640 100.6 3o6 . 52 
3.625 640 102 o4 5o4 .48 
3 . 875 640 132 o5 35.5 o29 
4.1 25 640 134 37 o29 
4o25 640 147 49 o262 
4 .. 375 640 143 45 o270 
4o5 640 177 79 .21 5 
4o625 640 180 82 o212 
4o75 640 200 101 01 91 
4.875 640 214 11 5 o178 
5o0 640 232 133 .. 164 
5o125 640 242 143 o1 57 
5 . 25 640 296 196 ,)126 
5o375 640 328 228 01 11 
5.5 640 362 262 o098 
5.625 640 352 252 .1 01 
5. 75 640 464 363 .0656 
5.875 640 451 350 o0693 
(Table continued overleaf) 
Table (6-5) Contd ~ 
Depth 
6oO 
6o125 
6o25 
6 o . .37 5 
6o5 
6o625 
6o75 
6o875 
7.0 
Cts 
-
640 
640 
640 
640 
640 
640 
640 
640 
640 
768 
2,560 
2p560 
2,560 
2,560 
49864 
29560 
2,560 
1 ,280 
1 9280 
512 
Break 
Cts/~ill;o 
485 
478 
581 
615 
61 5 
736 
67.3 
694 
706 
Between Runs 
95o2 
113 
747 
770 
771 
715 
671 
560 
375 
274 
103 
~ 
.)84 
.377 
1(19 
513 
513 
6.34 
570 
589 
603 
616 
650 
672 
67.3 
616 
571 
460 
274 
173 
154o• 
£. 
o0601 
o0618 
o0)84 
o0314 
o0314 
o01 06 
o0212 
o0181 
o0158 
o015 
o008 
o005 
o005 
o0·15 
o021 
o042 
o09) 
01.39 
The results listed in Table ~6=51 have been plotted as 
concentration, C 9 against depth. in Figo (6=7) and~> from thisp 
a continuous curve of e in the C - y plane i s shown in 
From this continuous curve 9 the gradient of C 
and the integral of~~~ both with respect to y 9 have been 
obtainedo Measurement of y is in feet and the integral 
plotted against y is taken between y and the free surfaceo 
Both these curves were obtained graphically and are included 
in Figo (6-10)o 
Velocity Measuremen!g 
The fluid velocity only ~as measuredo This was done by 
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using the two stainless steel pitot=static tubes described 
in Chapter 4o The tubes were mounted rigidly together and 
spaced 1~ inches apart in a vertical directiono Differ-
ential heads were measured using perchlorethylene manometers 
as described in Chapter 4 and the measured heads converted to 
feet of water at ambient temperatureo The depth from the 
free surface to the bottom tube was measured in inches and is 
recorded with each readingo During early runs, the top 
pitot tube behaved erratically and all readings from this 
have been abandoned for the first two runs., This also means 
that the static head difference reading was abandoned for 
these two runs o 
Flushing of the pi tot- static tubes was carried out at 
intervals of not more than six readings, as well as before 
each set of runso In Table {6=6) the depth to the bottom 
tube 11 the velocity heads in both tubes and the velocities have 
been tabulatedo From the arrangement of the tubes, it 
follows that the velocity measured with the top pitot- static 
tube is that of the fluid at a depth 1~ inches less than the 
depth tabulated for that reading., All readings, unless stated 
otherwise, were made on the flume centreline o 
The velocities calculated from the readings taken above 
have been plotted against depth in inches in Figo (6- 8)., 
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s·tatic Head Difference 
The static tubes of the pitot~static heads wer.e 
connected, each to one side of a manometer similar to that 
used for velocity head measuremento This difference in static 
heads was measured at the same time as the velocity heads and 
converted to feet of water at ambient temperatureo Results 
have been included in Table (6 - 6) under "Static Diffo" and 9 in 
Fig. (6- 9)9 plotted against depth in inches o 
Depth 
Inches 
Velocities and pressure reading from the 
pitot-static heado All heads are given 
in feet of water and velocities in 
ft/seco The depth is given in inches 
from the free suFface to the bottom 
pitot- static tubeo 
Velocity Head Static 
Diffo 
Velocity 
Top Bottom 
2 01.3 
2 o13 
2 o25 
2o24 
1 0 71 
1 o84 
1 0 71 
1 o49 
1 015 
o93 
o62 
o40 
o200 
o109 
o026 
o011 
___, 
Break Between Runs 
(~able Cont inued Overleaf) 
Top Bottom 
11 0 7 
11 0 7 
12o0 
11 o9 
10o4 
1 0.,8 
10o5 
9o8 
8o6 
7o7 
6o3 
5oO 
3 o6 
1.6 
1 o3 
o8 
'!A2J. e _(,§_':.9] comJ!~ 
Dep~q Veloci t~ Head .sta_tj.£ Y~&~ 
D.iff11 
Bottom - !.9Jl Bottom Inches !,QQ 
--=o==> 
190 2o04 11 o5 
1o5 2o21 11 o9 
~oO 2 o1 1 11 0 7 
~o5 2 0 00 11 o4 
JoO 1o84 10o9 
Jo5 1 o74 10o6 
4.,0 1 o59 10e2 
4o5 1·o40 9o4 
~oO 1 o.31 9o2 
o5 1o02 8 o1 
6 .. 0 Oo6J 6o4 
6o5 o46 5 o4 
7o0 o29 4o4 
7o5 o08 2oJ 
R:reak Between Runs 
3o625 2 o16 1o 67 =o006 11 ofs.' 1 Oo4 
3o875 2o25 1 o77 L~ o01 9 12o0 10o7 
4o125 2o09 1 o53 - o020 11 o6 96>9 
4o375 2 0 02 1 o45 ~ 0021 11 o4 9o7 
4o625 1 o93 1 o4J ~o024 11 o·l 9o6 
/._ o875 1 o91 1 o27 -o021 11 01 9oi 
5o125 1 o77 1 "·] 8 -o032 10o7 8(;)7 
5o375 •1 0 74. o96 -o019 10o6 7o9 
5o625 1o65 .,84 ~o024 1 Oo.3 7Q4 
5o875 1 o55 o67 -o016 10o0 6o6 
6o125 1o45 o60 -o006 9{17 6o2 
6o375 1o34 Q407 -o006 9o3 5o1 
6o625 1 o22 o300 .,000 8o9 4o4 
··Go875 1 o18 o209 +oOOJ 897 ~L,67 
7.,125 1 o04 o134 +o008 8o2 2.,94 
7o375 o892 o080 o018 7o6 2a27 
7.,625 o7J8 o040 o027 6o9 ·j o61 
7o875 o566 a016 o021 6o0 1 0 02 
8(1125 o471 oOOB o037 5o 51 o72 
8"375 o326 o005 o027 4o59 Q6 
8o625 o257 o005 a032 4o07 o6 
8o875 o172 o005 o019 3oJ.3 o6 
9 o125 o107 o005 o021 2o63 o6 
(Nnd of Table)' 
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Calculated Parameters 
From the concentration profile 9 the total shear s tres~ 
and dispersive stress were calculated~ assuming no significant 
suspended loado These calculations were carried out as 
follOWSo 
All particles were assumed to be supported by inter= 
particle forces and the total interparticle stress at y is 
therefore simply the component of the submerged weight of solids 
above y where y is measured perpendicular to the bedQ As 
(;<>s -;olf) g cos e = 103 lbs/rt3 9 the stress p is given by 
p = 103 ~: dy 0 (6=2) 
Because the depth from the free surface to the fixed bed 
was Oo729 ft.v it follows from equation (2~30) thatv for a slope 
where y is measured from the top of the fixed bedo 
F1 = P/Tt was then obtainedo 
From the u = y curve, the velocity gradient du/dy was 
obtained graphically and the previously derived value for 
romoso diameter of Oo0478 ft used as a measure of D to obt~in 
161 0 
F3 as follows 11 
and 9 substituting/'s= 5o14 and __ D = Oo0478 ft~ we obta.in 
;-aa F 3 
The stability parameter 1T = ~ - can then be 
D ~ ( dF 3/ dy) 2 written 
(6=5) 
and has been evaluated, using numerical differentiation t~ 
I dF 
obtain~ o 
~he values of C 9 F1 9 F311 and 1f are tabulated for various 
values of y in Table {6~7) belowo 
Table {6-Zl 
Calculated parameters for~ inch ~ ~ ineh 
gravel. 
X. c !1 .E3 1T 
-
oOOO o465 2o,30 1 o21 o51 
o025 o404 1 0 77 o68 o70 
.050 o325 1 0 51 o37 1 o22 
o075 o265 1o2.3 .22 4o04 
o1 00 o217 o98 o165 22o0 
o150 o1 35 o59 o125 440 
o200 o07 o29 011 5 25p000 
o250 o03 o15 o126 169 
o300 .015 o08 o182 7o9 
EAB.T III 
EXPERIMENTAL RESULTS WITB 3/8 INQ[_~ ,3/16 INCH GRAV~L 
Flow Geometry 
Two different flows were used (of 4 .. 9 and 3 o 1 cusecs/ft) g· 
these being denoted "full flow" and "partial flow" res pectively., 
In both cases 9 the flume was set to a slope of 0.,062 and a 
width of 2.,00 ft., At full flow the bed showed a tendency to 
develop very fla t waves .. These waves were about 6 ~ 7 rt. 
long and moved downstream wJth a celerity of about 3 i nc hes 
per second., Mea sured from t rough to crest 9 the height of 
the waves varied but was neve r observed to be greater than 
1 inch., For the pa rtial flow 9 no waviness wa s det ected., 
Particles 
Bed slope at pa rtial flow = o044-
Bed. slope at full flow = o052 
The particles 9 rounded s tones commercially graded to 
pass a ~ inch sieve and be r e tained on a 3/16 inch sieve!) 
were of a similar material to the ~ inch - ~ inch gravel., 
Sieve analyses of th e top 2.,5 inches of the bed and of the 
full depth of material were not significantly differen t .. 
Results of the sieve analysis of the top 2o5 inches of the 
bed are plo~~ed _ in Figo (6- 11)o Only isolated cases of 
stone fracture occurred~ although a fine floury material was 
produced at a similar rate as with the ~ inch - ~ inch gravelo 
From the sieve analysis, the rom oSo diameter of the particles 
was estimated, using a similar procedure to that used for the 
~ inch - ~ inch gravelo 
rom oSo diameter Of 3/8 inch- 3/16 inch 
particles : Oo0231 ft 
Concentration 
All concentration measurements were made using the gamma 
ray equipm~nt and timing a preset number of countso The 
results, after correction for the background, have been listed 
in the form A/Ao In this case 9 ~ is the measured total 
count. rate less the background and A is the clear water count 
rate _less t~e backgroundo Measurements of A were made before 
and after eac~ runo The height of the counting head was 
measured positively upwards in inches above an arbitrary datum 
levelo The complete list of concentration measurements for 
each of the two flows is given below, the full flow results 
in Table (6~8 ) and the partial flow results in Table (6~9)o 
In both tables, the total counts taken 9 total count rate and 
A/A are listed for various values of heighto Normallyp 
four check readings were taken at each point and 9 if any 
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fault in the counting was detected, the count was re-startedo 
Concentrations were obtained from .A using equation (4-11 J 9 
substituting for A and B the experimentally obtained values of 
2 9 960 and 3o81 respectively to oQtain 
. 
c = 
Values of C so obtained, ·as well as the gradient and integral 
of C with respect to y, are all plotted against y in 
Figso (6- 12} and (6- 13)o The integral plotted against y is 
evaluated between y and the free surfaceo 
Table (6.-8) 
Concentration meter resul..ts for full flow 
with 3/8 inch ~ 3/16 inch gravelo 
Hei?ht Cts Cts/Min. .A./A 
o.o 320 126 oOQ25 
2 o50 640 127 o0028 
2o625 640 126 o0025 
2o75 640 130 o0038 
2.875 640 124 o0018 
3o00 640 133 o0046 
3.125 640 141 o0075 
3.25 640 164 og161 
3o375 640 162 0 157 
3.50 640 169 oQ179 
3.625 640 222 o036 
3o75 640 249 oQ46 )o875 q40 .364 .087 
4o00 640 .352 .Q83 . 
4.125 640 429 0111 
4o25 640 512 o140 
4o375 640 674 .198 
4o50 640 736 .220 
(~able Continued Overleaf) 
~able (6-8) Contd: 
. '.' .. ~ 
Height 
4o625 
4o750 
4o875 
5.00 
5o125 
5o25 
5.375 
5.50 
5.625 5o75 I· 
5.875 
Bg 
3.25 
5.25 
5o5 
5.75 
6.0 . 
6.25 
6o5 
6.75 
7o0 
7o25 
7"5 
7 o75 
8.0 
8o25 
8.50 
8.75 
Bg 
Cts 
- · 
Cts/Min. 
19280 719 
1 ,280 .800 
1 ,280 8.51 
1 ,280 981 
1 ,2 80 1 '1 9.7 
1 ,280 1 ,2)0 
1 , 2 80 1 9 5 6.0 
1 ,280 1 9 750 
1 ,280 1 9 710 
1 ,280 2,130 
1 '280 4-,240 
2,560 119 
Break Between. Runs 
29560 214 
2 9 560 1 1)32.0. 
2,560 19620 
2,560 1 ,970 
2 '560 2 91.50 
2,560 2,390 
2,560 2.9640 
2,560 21)&60 
29560 29560 
2,560 29660 
2,560 2,820 
2,560 2,720 
2~560 29780 
2,560 2,750 
61)400 21)760 
6,400 2,840 
2,560 129 
(l!nd of Table) 
'A ,lA 
o414 
o243 
o461 
.o~08 
.385 
o.397 
.515 
o~83 
.569 
0 718 
o757 
o031 
o443 
.$52 
o.681 
o748 
.~36 
o930 
o936 
.9oo 
o936 
o995 
o.959 
o981 
o970 
o974 
1.000 
166o 
'U'able {6~~! 
Coqc~Dtration meter · results for 
.pat4tial flow with 3/8 in.c·h - 3/1 6. inch 
~ravelo 
Height ~ Cts/Mino /../A 
3.5 1 ,280 131 .0015 
3o75 1 ,280 141 o0055 
4o0 1 ,280 137 •. QQ39 
4.25 1 ,280 1-44.. ~0055 
4o5 1 ,280 169 o0161 
4o75 1 ,280 252 O<Q487 
4o875 1 ,280 256. o0502 
5o0 1 ,280 .346 o086 
5.125 1,280 431 0118 
5.25 1 ,280 447 o'125 
5o375 1 ,280 520 o154 
5.5 1 9280 70.6 o426 
5.625 1 p280 795 oo462 
5o75 1 ,280 941 o.319 
.5.875 2,560 1 ~180 o413 
6oO 2,560 1 .,30.5 o461 
6o25 21)560 1 ,520 o546 
6o5 2Sl560 2 ~130 o785 
6.75 6~400 2 430 o903 j) • 
7 .. 0 61)400 21)510 o935 
Velocity Measuremen.ts 
Tl}e .ve-J._ocity _was measured with the two pitot-stat.tc tubes 
des~ribed in Chapter 4 and used with the~ inch-~ inch 
gravelo . Pressure measurements were taken with the pres~ure 
transducer aDd recorded on the Kelvin Hughes pen recorder o 
Details of this apparatus can be seen in Chapter 4,. Using a 
perchlorethylene manometer, the pen recorder was calibr&ted at 
the beginning of each run, and the zero point was checked 
after every change in range of the measuring bridgeo As only 
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one channel of measuring equipment was availablep the three 
readings at each point were taken in turno A system of 
valves allowed all connections (except those required) to be 
isolated from the transducero The recording obtained showed 
oscillations caused by turbulence and also more systematic 
oscillations caused by the propagation of waves along the bedo 
The mean value of pressure was taken in each caseo In 
~able (6- 11 ) the height in inches of the bottom tube above 
an arbitrary datum, the velocity head and the velocity in 
ft/seco are tabulated for full flowo In Table (6=12) the 
same parameters are tabulated for partial flowo The 
velocities for full and partial flow have been plotted against 
height in Figso (6=14) and «6- 15) respec tivelyo 
Static Head Difference 
To obtain the static head difference~ the two static 
tubes from the pitot=static head were connec ted one to each 
side of .the pressure transducero The results were converted 
to feet of water at ambient temperature and have been 
included in Tables (6.,.11) and (6=12) under "Stati c Diffo"1 
They have also been plotted against y in Figso (6~14) and 
( 6=1 5) 0 
]'~le ( 6-11..1 1 68 . 
Velocity and ... static head difference measurements 
for full flow with 3/8 inch = 3/16 inch gravel"' 
All heads ar.e given in feet of water and velocities 
in feet per seGondo 
Height yelociti Head Ststic Veloci!;:.r · 
Inches Top Bottom D.iffo 'i'o..n. Bott.om I 
1 o5 o028 o005 + .,002 6 1 o3 • o6 
1 o75 o064 o011 .,0138 2o0 o8 
2o0 o044 .,012 o0178 1 0 7 "9 
2o25 "228 o012 o0232 3"8 o9 
2o5 .,262 o012 o037 4o1 o9 
2o75 "61 o007 o026 6o3 o6 
3"0 o60 o012 o026 61o)2 "9 
3.,25 "680 o016 o018 6o6 1.,0 
3o5 1 o29 o030 o01 9 91o)1 1 o4 
3o75 1 0 58 o1 05 .,014 10 o1 2o6 
4"25 1 o6.3 =o005 10o3 
4o75 2 01 o692 =o01j 1•1 o6 6o7 
5o25 2 o25 1 012 ~.,034 12o0 8"5 
5o 75 2 .,42 1 o51 =o0.34 12o5 9o9 
6o25 2"50 1 "8 =o040 12 o7 10.,8 
6.,75 2o72 1 o9J =o038 1.3 o2 11 "2 
7 o25 1 o96 
"" 
11 .,2 
7o75 2 o26 =o025 12 o1 
8o25 2 o27 oOOO 12 o1 
]able ( 6..-12) 
Velocity and static head dif~erence measurements 
for partial flow with 3/8 inch= .3/16 inch gravelo 
All heads are given in feet of water and 
velocities in feet per secondo 
Height Velocity Head Static Velocit~ 
Inches Top Bottom ·· Qfffo Top BottOliD 
2o06 o28.) o014 +.,042 41o).3 1 .,0 
2o25 o.350 o06.) +o044 4o7 2..,0 
2o5 o180 o017 . o046 Jo4 1 oO 
2o75 o650 o017 ' o05J 6o5 1 oO 
.3o0 o64 o016 o048 6o4 1 "0 
.3 o25 o76 o040 o044 7o0 1 o6 
3o5 o86 o026 o04.3 7o4 1 o.3 
3o75 o92 o021 •o0.34 '7o7 1 o2 
4o0 1 o06 o20 o026 8.,.) 3o6 
4o25 1 o07 "19 o019 8o.3 3o5 
4o75 1 "18 o40 o017 8o7 5o1 
5o25 1 o28 o44 o011 9o1 5o4 
5o75 0 012 
6o25 o008 
-~ J2 
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Calculated Parameters 
From the concentration profile, the shear stress and 
dispersive stress were calculated assuming no significant 
suspended load o Equation (6~2) was used to obtain the 
dispersive stress for both flows. The total shear stress was 
calculated from equation (2- 30) by rearranging in the fonn 
( 6- 7)' 
and 9 substituting the numerical values of d (the depth to the 
fixed) = 0.572 and e = Oo052, we obtain for full flow 
(6-8} 
and for partial flow where d = Oo458 and e= Oo044 
(6- 9) 
Using Tt and P calculated as above, F1 = P/Tt was 
dete nnined·o From the velocity profile ~ was obtained graph-
y 2 d 2 
ically and from this and Tt the value of F3 = Tt/~sD (~) 
was calculated. These results for C 9 F1 , F3 and the 
stability parameter JT are tabulated for various values of y 
171 0 
in Table (6~13~ for full flow and Table (6~14) for partial 
flow. 
Tabl.e ( 6~1 3l 
Calculated parameters for full 
3/8 inch- 3/16 inch gravel~ 
flow with 
Y.. Q F 
-1 !3 TI' 
.oo o60 2o70 .641 30 
.02 o51 2o33 .512 3o9 
o04 o43 1 o94 o345 10o8 
.06 .36 1 o62 o265 26 
.as .29 1 o35 o231 40 
.1 0 o23 1 01 2 .189 122 
.12 o186 0 91 0185 640 
.14 o1 50 o75 o176 113 
o1 6 o124 o59 o260 6.5 
.18 .098 o346 4o5 
Table { 6- 1 4) 
Calculated parameters for partial flow 
with 3/8 inch- 3/16 inch gravel. 
::1. c !1 .E3 1[ 
-
.oo .57 3 o1 4 .236 34 
.02 o47 2o59 o193 42 
.04 o375 2.06 .163 163 
o06 o30 1.66 .153 1 p700 
.08 o24 1o27 .167 
.10 019 o95 01 61 58 
o12 o14 .67 o24 1.3 
o14 o1 0 o45 o38 
01 6 .07 o27 .-
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PART .IV 
EXPERIMENTAL RESULTS WITH ~ XNCH PEA GRAVEL 
Flow Geometry 
Two different flows were used~ 6o4 and 2.0 cusecs/ft 
width, denoted "full flow" and "partial flow" respectively. 
In both cases, the flume ·was set to a slope of Oo062 and a 
width of 2.00 ft. The bed waviness at full flow was mo re 
pronouneed than was the case with full flow using 3/8 inch = 
3/1 6 inch gravel o At partial flow 9 however, there was no 
de~ectable waviness of the bedo Photographs of ~ull f low a t 
2 se-cona· intervals can be seen in Fig. (6-28). 'Dhe bed slope 
was measured during the runs and is shown below. 
Particles 
Bed slope at partial flow = 0.035 
Bed slope at full flow = Oo047 
The particles were of hard, river washed stone, predomi = 
nantly greywacke and commerically screened to pass a % inch 
sieveo This material is sold locally as "% inch pea gra:vel". 
Abrasion of the stone appeared to occur at about the same rate 
as for the larger material previously used. However, stone 
fracture was not observed and the grading of the stone was 
found on analysis to be the same throughout the bed. Resqlts 
of a sieve analysis are plotted in Figo (6-16)o From thi s 
sieve analysis~ the romoso diameter of the particles was 
calculat·edo 
romoSo diameter Of~ inch pea gravel = o0147 ft 
Concentration 
All concentration measurements for both flows were made 
using the gamma ray equipment and timing a preset number of 
countso The clear~water count rate was measured before each 
run and, after subtraction of the background count rat e , is 
called Ao The total count less the background is t ermed 
A and the values of A/A are listed in Tables (6~15) and 
(6- 16}o Also shown in the se tables are the total counts 
taken 9 total count rate and the height in inches above an 
arbitrary datumo Table (6- 15) contains the results fo r f ul l 
flow and Table (6- 16) the results for partial flowo A plot 
of A./A aga.inst height for full flow can be seen in Figo (6=17)o 
The concentration profile for the partial flow was obtained by 
drawing the estimated best fit curve to 'A/A as a function of 
height and converting this to concentration using equation (4=11 ) 
substituting f.or B::. .the. ·measured valu~ 3~81 r 
e = log10 (A/A )/3o81 o 
The resultant graph of C against y can be seen in 
Figo (6- 19) as can the gradient and integral of C with respect 
174 .. 
to y .. The integral plotted against y is taken between y and 
t he free surfaceo 
For the full flow case, a wave was detected in the channel 
bed., Methods discussed in e hap ter 5 were used to allow for 
this effect when cal culating t he concentration profileo The 
s hape of the wave was detennined from photographs of the type 
s hown in Figo (6- 27) ., From a series of photogr aphsp a set of 
fixed bed profiles was obtained., The wave height was divided 
into seven equal elanents and the proporti on of time t he 
interface between the fixed and moving beds at t he worki ng 
section spent w.i thin eac h element was detennined o Working 
from the top down 9 the percentages o f time spent within each 
e lement were 3o4p 1 o4p 5o1 p 15o1 p 37o7p 20 and 17 .. 3 o 
Using a comp uter programme, the correction proce dure 
described in Chapter 5 was carried out., From the f.ina l :results 
of A/A against height relative t o the top of the f ixed bed" 
the conc en tration was obtained using equa tion ~·6~1 0)o In 
Fig., ( 6-18): t he values of C , and t he gradient and integral of 
C with re spect to y have been plotted against y , measured i n 
fee t from the top of t he fixed bedo The in t egral plotted agains t 
y is taken between y and the free surfaceo 
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Table. { 6-1 5) 
Concentration meter results for full 
flow with %' inch pea gravel .. 
Height Qll Cts/Min .. /\/A 
1 .. 5 1280 128 .0019 
2o0 1280 129 .,0022 
2 .. 25 1280 137 .0052 
2 .. 5 1280 147 .,0090 
2 .. 75 1280 150 .,0102 
3o0 1280 172 .. 0184 
3 o25 1280 259 o051 
3o5 1280 357 .,088 
3o75 1280 416 .. 11 0 
4o0 1280 587 o175 
4o25 1280 766 o242 
4o5 2560 1085 .. 361 
4o75 2560 1270 o431 
5 .. 0 2560 1660 o579 
5o25 6400 1950 .. 687 
5o5 6400 2270 o808 
5o75 6400 2510 .. 897 
Bg 3200 123 
B'reak between runs 
Bg 2560 102 
1 0 75 1792 126 .,0018 
5o5 6400 2.380 .,807 
So75 6400 2680 o914 
6 6400 2720 o929 
6 o25 6400 2710 o926 
6.,5 6400 2820 o965 
6 .. 75 6400 2830 o968 
7 6400 2820 0>965 
7 o25 6400 2830 .. 968 
7o5 6400 2840 .. 972? 
7.75 6400 2840 o972 
BoO 6400 2870 o982 
8o25 6400 2810 .. 961 
8.5 6400 2750 o940 
7o5 6400 2880 o986 
Tabl.e .. ( 6~1 6) 
Concentration meter resuLt$ for partial 
flow with~ inch pea gravel .. 
Height ~ Cts/Min .. 'AI~ 
5o25 6400 2940 o981 
5o0 6400 2970 .. 992 
4o 75 6400 2990 1 .. ooo 
4-o5 6400 .3000 1 .. ooo 
4o2 5 6400 2970 .. 992 
4.0 6400 2910 .. 970 
.3o75 6400 2660 .. 882 
.3 . 625 6400 2215 o727 
.3o50 .3200 18.30 o594 
.3 • .375 .3200 14.30 .. 454 
.3 .2 5 2560 859 o255 
.3 . 125 2560 515 .. 1.3 5 
.3.0 1280 .300 .. 060.3 
2.,875 1280 21.3 o0.300 
2o75 1280 189 .,0216 
2 .. 5 1280 152 .. 0087 
Bg 2560 127 
~ocity Measurement~ 
Fluid 
For both flows, the velocity of the fluid was measured 
as for the .3/8 inch - .3/16 inch gravel 9 using the pitot-static 
head and pressure transducer .. The same procedure was used 
and the results showed similar oscillations, but a more 
systematic oscillation was observed than for the .3/8 inch = 
.3/1 6 inch gravel .. This more regular oscillation is believed 
to have been caused by the more consistent wave pattern set 
up with the ~ inch particles., In general, the recording at 
a given point would show a fairly steady reading followed by 
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a sharp dip and quick recoveryo Typical recordings are 
shown in Fig., {4=1 4) o The velocity heads were measured from 
the flat section of the recording and the dips were 'not · includedo 
'lfable (6-17 ) lists results for full flow and Table (6-18) for 
partial flowo From the velocity heads obtained, the velocities 
were calculated and these have been included in the same 
table so 
Fluid velocities obtained for full and partial flows are 
plotted against height in Figse (6~22) and (6-23). 
Table (6-17 )' 
Velocity and static head difference 
measurements for full flow with 4 inch 
pea gravel o All heads are given in feet 
of water and the velocities in feet per 
second., 
Height Velocit,Y Head Static Velociti 
Inches Top B'ottom Q!!,[o Top 1!.2~ 
2'o25 o89 o008 +.,012 7o6 o72 
2 .. 75 1 o07 .. 027 o012 8o3 1 o32 
3o0 1 o20 o048 o021 8 .. 8 1 0 76 
3 .. 25 1 0 52 o051 .,000 9o9 1 o81 
3.5 1 o87 o33 o002 11.,0 4o6 
3o75 2 o1 9 .. 458 .,001 11 0 9 5o4 
4.0 2 .,1 6 o39 ~o011 11 o$ 5o0 
4o25 2.35 o60 =o019 12o3 6 o2 
4o5 2.,43 .,88 ~.,025 12o5 7o5 
4o75 2o43 1 o14 ... .,032 12.,5 8o6 
5.,0 2.,62 1 o1 6 ="'032 13o0 8o6 
5 .. 25 2.,70 1 o32 ~o038 13o2 9.,2 
5 .. 5 2o79 1 0 71 =o042 13o4 1 Oo5 
5o75 )oOO 1 .,81 ~o0)8 13o9 1 Oo8 
6.0 3 .. 01 2o03 =o036 13o9 11 o4 
6o25 3 .. 06 2 o14 ~o034 14o0 11o7 
6.5 )o06 2o30 ~o026 14o0 12 .. 2 
(Table Continued Overleaf) 
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Yable (6-17) Contdg 
Height Veloci t~ Head Static Velocity 
Inches TOQ B'ottom !2.!£.fo Top B'ottom 
6o75 3o28 2o32 - o036 14o5 12 o2 
1o5 o240 o017 +o029 3o9 1 o05 
1 oO o049 o025 + o012 1 o8 1o27 
Break Between Runs 
6o 75 3o42 2o92 14o8 13o7 
7o0 3o42 2o96 14o9 13o9 
7 o25 3o2.3 14o4 
6o5 3o40 3 o20 ~o012 14o8 14o.3 
6 o25 3o.37 2o .92 =o010 14o 7 13o7 
GoO .3o.30 2 0 88 00 o007 14o6 13o6 
5o 75 3o.32 2o68 - o012 14o6 13 01 
5o5 3o.35 2o47 - o015 14o 7 12.,6 
5o25 3o.32 2 o40 - o015 14o6 12o4 
5o0 3o20 2 o21 -o007 14o4 11 0 9 
4o 75 3 o12 2o08 - o015 14o2 11 o6 
4o5 2 o92 2o08 - o014 1.3 0 7 11 o6 
4o25 2 o81 1o.37 - o01 6 1.3o5 9o.3 
4o0 2 o72 1 o61 ... oQ12 1.3 o2 10o2 
3o75 2o43 1 01 6 ..., o008 12 o5 8o6 
3o5 2o40 o96 - o008 12o4 7o9 
3 o25 2 o51 o74 -o006 12o7 6o9 
3o0 2 o35 o66 +oOOO 12o.3 6o5 
2o75 2o10 o25 + oOOO 11 0 6 4o1 
2o5 1 0 55 o120 +o010 1 OoO 2o8 
2o25 1 o31 o080 +o014 9o2 2 o.J 
2o0 1 o07 o055 +o018 8o3 1 0 9 
1o75 1 o01 o040 +o022 8o1 1 .,6 
1 o5 o85 o032 +o022 7o4 1 o4 
1 o25 o67 o027 +o019 6o6 1o.3 
1o0 o37 .,026 +o01 5 4o9 1 o.3 
Oo75 o15 .,019 + o010 .3 01 1 01 
Oo5 o042 o014 +.,008 1 o6 1o0 
Oo25 o020 o013 +oOOO 1 01 Oo9 
(End of Table) 
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'lTable ( 6~18). 
Velocity and static head difference 
meas.urements for partial flow with % inch 
pea gravelo All heads are given in feet 
of water and velocities in feet per 
secondo 
Height ~ocity Head Static Velocity · 
Inches Top Bottom .Q.!.£1I 0 Top Bottom 
1 oO o006 oOOO o6 
1 o25 o009 oOOO o8 
1o54 o0.32 o008 + .. 004 1 .. 4 o7 
1 0 75 .. 089 o009 + o011 2 o4- o8 
2o0 .. 211 o009 +o01) Jo7 o8 
2o25 o404 o008 +c01.3 5 .. 1 o7 
2o5 o55 .. 009 + o015 6oO o8 
2 .. 75 o67 o009 + o016 6o6 o8 
)oO o86 o007 +o01.3 7o5 o7 
)o25 .. 91 o021 +o009 7o7 1 o2 
.3o5 o9) o107 + o001 7 .. 7 2o6 
.3o75 1 o01 o200 =oOO) 8o1 )o6 
4o0 1 o11 o42 = o004 8o5 5.,2 
4.,25 1 01 5 .. 57 =o004 8o6 5o5 
4e5 1 o1 5 o66 = .. 009 8e6 6o5 
4o75 1 01 6 o79 =o009 8o6 7 o1 
5e0 ·1 o25 o84 =o005 9o0 7r.4 
8-'olid.s 
The particle velocity was measured separatelyo Stich 
measurement had been unsuccessfully attemp~ed with previous 
flows, but with% inch pea gravel successful measurements were 
made for both flowso The method used was to operate at its 
minimum speed and normal voltage the Magnifax high speed 
camera described in Chapter 4o The resulting negative was 
projected directly on to a sheet of tracing paper.. The 
positions of a number of stones were marked and the process 
181 0 
repeated until the paths of such stones had been followed for 
the full time they were in viewo Film speeds were calculated 
from timing marks along the film and the stone velocities and 
positions obtainedc Each particle recorded was observed an 
average of ten timese Results obtained for each of the four 
runs are shown in Figso (6=20) and (6-21} where the mean 
velocity and height of each particle measured has been 
plottedo For each ofthe four runs (two at each flow) 9 the 
mean velocity profile was estimated by taking increments of 
Oo2 inches and calculating the mean height and mean velocity 
of all points within the given incremento These mean velocit y 
profiles have been plotted in Figso (6- 20) and ~6~21)o After 
adjusting the full flow runs so that the height was measured 
relative to the top of the fixed bed 9 the mean value of the 
two full flow curves was taken as the stone velocity profileo 
A similar process was used with the two partial flow profileso 
Static Head Difference 
For 4 inch pea gravel sn the static head difference between 
the two pitot-static tubes was obtained as descrtbed for 
3/8 inch - 3/16 inch gravel in Part III of this Chaptero The 
results in feet of water have been recorded in Table ( 6=17) 
for full flow and Table (6 ... 18) for partial flowg. under "Static 
Difference" 9 and rave also been plotted against depth in 
inches from the free surface in Figo (6- 22) for full flow and 
Figo (6- 23) for partial flowo 
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Calculated Parameters 
From the concentration profile, the shear stress and 
dispersive stress were calculated, assuming no significant 
suspended loado Equation (6-2) was used for both flows to 
obtain the dispersive stresso The total shear stress was 
calculated using equation (6-7) and substituting 
d = Oo508 ft, e = Oo047 and d = Oo291 ft, 8 = Oo0.35 for 
full and partial flows respectively to obtain for full flow 
and for partial flow 
00 
T t = 0. 03 5 [ 62 • 4 ( 0. 2 91 - y) + 1 03 r y Cdy] • 
Using Tt and P calculated as above, F1 = P/Tt was deter-
mined and is tabulated in Tables (6-19) and (6-20)e The 
stone velocity profile was then used to obtain ~~ for 
OoOO < y < Oo06 and the fluid velocity profile when y > Oo06o 
du From dY and Tt the parameter F.3 was calculated$ Calculated 
results fore, F1 , F.3 and 1T' are tabulated for various values 
of y in Table (6- 19) for full flow and Table (6-20) for 
partial flOWe 
185. 
Table {6-12} 
I 
Calcul-ated param-eters for full flow with 
% inch pea grav-el., 
Y.. .£ F1 !.3 JL 
o.o o5J .3.14 .)78 .34.30 
0.,02 .46 2.,85 oJ51 188 
0.04 .)8 2 o50 .,291 50 
0.,06 .28 1 .67 .,1 95 20 
0.,08 .. 2.3 1 .)8 0111 1000 
0.10 .19 1 o09 1 .. 18 1 .,0 
0.,12 .1 ·55 .,87 
0.,14 012 .,66 
Table (6-20} 
Calculated parameters for 
with ~ inch pea gravel. 
partial flow 
:I. c F FJ 1T 
- -1 
c;OO .53 Jo25 .,163 59.3 
o02 o41 2.12 .1 .32 287 
.,04 o28 1 .15 011 5 204 
.o6 .125 o54 .085 00 . 
.,08 • 046 .. 17 o149 2.34 
o1 0 .,018 .,212 2.38 
.,12 .006 oJ74 


SYNOPSIS 
CHAPTER 7 
CONCLUSIONS BASED ON THE RESULTS 
OF THIS THESIS 
This chapter sets out the conclusions reached after 
carrying out the theoretical and experimental programmes 
described in Chapters 2 to 6., In this thesis 9 the work can 
be divide~ into two distinct sections 9 the first dealing with 
the prediction of the behaviour of a fluid- partic le syst em a t 
a point and the second developing methods of using the prediC= 
tions of behaviour at a point to obtain the complete flow 
pattern of the bed region in an open channel ., 
In the first section of this chapter9 there is a discus~ 
sion of the parameters F 1 and F 3 introduced in «!hapter 3 o 
These parameters describe the relationship between direct and 
shear stress on the one hand 9 and shear stress ~nd rate of 
strain on the other 9 both parameters applying particularly to 
systems in which the gradients of the flow parameters transverse 
to i the flow are small o It is concluded that the theoretical 
model used in Chapter 3 to calculate F1 and F3 
is not accura t ep 
and in particular that it predicts values of F1 less than 
0.,5 times the measured values at high concentrations ., Major 
reasons for this discrepancy are believed to be the sliding of 
189 . 
particles over each other and the fonnation of groups or 
clusters of particles capable of transferring stress over a 
greater distance than single particleso Theoretical values 
of F) fall within a rather wide band of experimental data and 
the f onn of the predicted curve in the F 3 - C plane 9 where c-
is the volumetric concentration of particles, is similar to the 
form of the experimental curveso 
In the second section of the chapter, the application of 
F 1 and F 3 to flow problems is cons:id ered o One c oncl us i on 
r eached is that, if F 1 is a l<nown function of C, it is possible 
to obtain the concentration profile for a given particle sizev 
slope and bed s hea r stress. The calculation of the velocity 
profile from F) turns out to be less reliable , possibly because 
of a greater sensitivity to gradients in the flow parameterso 
Further possible extensions to the work described in this 
thesis are discussed in Chapter 9. 
DISCUSSION OF F1 AND F) 
Introduction 
In Chapter ) 9 a model of particle behaviour has been set 
up and from this model the paramete rs F1 and F3 have been 
obtained as functions of concentration, c, where 
190., 
2 
F := T/ .-o 02 cdU) 3 / s ~dy 0 
This calcul ation is based on the results obtained using a 
ga s model of rigid, smooth elastic spheres o Miller (9) in 
previous work found the effective viscosity and pressure of a 
particle system by direct substitution in the Enskog equat i ons 
for a gas of rigid 9 smooth elastic sphe res o He noted that 9 i f 
perfectly rough spheres were postulated in the calculations 9 t he 
predicted v iscosity of the gas was only slightly increasedo 
In Miller 9 s work 9 the resulting equations for F1 and F3 
included the "temperature" of the gas or 51 alternatively 9 the 
random velocity fluctuations of the particles 9 as an independent 
variableo Chapter 3 introduces a third equation pased on the 
steady sta t e energy equilibrium of the systemo From the t h ree 
equations 9 the "temperature" is eliminated to give theoretical 
predictions of ~t·1 and F 3 in term s of the particle properties 
and concentrationo In general form , th~ three preliminary 
equations are 
(7-3) 
(7=4} 
191 0 
= 
where s i.s the rom .,s 0 value of the difference between the 
instantaneous particle velocities and the mean particle veloc-
iti.es9 f . are functions of concentration 9 Pis the normal inter= 1 
part icle stress and T
5 
is the shear stress taken by the 
particles., The detailed form of equations {7-3) 9 {7-4) and 
{7~5) is discussed in Chapter 3 and it is shown that F2 and 
H17 follow directly where 
2 
F T I D2 t!!!!)~ 
· 2 - s /'s \dy = 
f 3/2 
1 (7=6) 
(7=7} 
Equations (7=6) and (7-7) are given in full as (3-34) and 
(3~35) and then developed to allow for the effect of the 
surrounding fluid., This modification is given by equations 
(3=74) and (3=75) and was found to be significant only when 
c < 0.,3 0 
Finally, an estimate of the shear stress carried by the 
fluid Tf was made and 9 because of the approximate model usedp 
two extreme cases were calculated 9 giving bands within which 
F1 and F3 were expected to lieo Fortunately 9 these bands are 
not excessively wide for high values of C~ as can be seen from 
M'easured Values of F 1 and F 3 
The writer knows of three sets of data from which F1 and 
F.3 can be found. These are Millere's (9), Bagnold 9 s (6) and 
that described in this thesis. In the experiments of Miller 
and Bagnold, C was uniform throughout the flow and consequently 
the situation should have approa~hed more closely to that used 
for the theoretical analysis than did the flume experiments. 
Miller's and Bagnoldes experiments were carried out with a 
density ratio of unity and only the flume experiments described 
in this thesis used a particle- fluid density ratio other than 
unity and had a non- uniform distribution of c. 
<C'ompa rison of Results for F 1 
Bagnold 9 s experimental values of F1 show only a small amount 
of scatter and are plotted against c· in Figo (3-12) o From these 
results, it would appear that 9 for high values of Reynolds 
number, the value of F1 reaches a maximum of between 3o5 and 
4o5 at a concentration, C, of Oo5o Miller's results for F1 as 
a function of C cover a much wider range than Bagnold's, with 
a maximum of 8.8 occurring at C = 0 0 20o Experimental values 
obtained by the writer are in reasonable agreement with those 
obtained by Bagnold and are given in Wigo (7=.3Yo However 9 
there was virtually no agreement between the experimental values 
of the writer and those of Miller. 
1 9.3 0 
Values of F1 predicted from the theory developed in 
Chapter .3 are shown in Figo (7=3) and it can be seen that there 
is a marked discrepancy between the theoretical values and all 
three sets of experimental values of F1 o It should be noted 
in conjunction with these results that the velocity profiles 
demonstrated that large scale turbulence occurred for C< Oo20o 
Errors in the experimental work of this thesis are discussed 
in the following section 9 after which the theoretical model will 
be examinedo 
&xoerimental ~naccuracies in E1 
Experimentally 9 F1 was calculated from the measured slope 9 
fluid and particle densities and the concentration profileo 
Slope measurements were made over a distance of 8 ft and no 
difficulty was experienced in obtaining either bed or water 
surface elevations to an accuracy better than 0.1 incheso As 
the slope was large, this woqld give a possible error in the 
slope measurement of not more than t.5%'() Density measurements 
were readily carried out to better than ±1%o Concentration 
profile errors are of two types 9 those caused by the random 
signal variations and those caused by inaccuracies in calculating 
the calibration factors for the equipmento As the equipment 
was effectively checked for calibration during each run, the 
expected error from this source should be small. Further 9 the 
calculation of F1 used the integral of concentration and the 
194o 
process of integration would reduce the expected random err9r 
to give an expected error in the integrated concentration 9f 
not more than t.5%o Direct errors in measurement are there-
fore unlikely to produce errors in F1 > ±8% (assuming no 
correlation of errors)o 
The normal interparticle stress, P, is developed by the 
direct effect of one particle on an adjacent one (by bouncing 
and sliding)o It will be equal to the total . weight per unit 
area of solid particles above the plane considered, less the 
weight per unit area of particles supported by the action of 
the fluid turbulence on the concentration gradient. 9 that is P 
less the suspended loado Consequently 9 the value of P obtained 
by integration of the concentration above the plane considered 
will be an upper limito Although the total susperd e d load is 
not known~ an upper limit can be obta.ined by assuming that all 
solid material above the plane at which C ::: Oo20 is .i.n suspensiono 
The lower limit of P so obtained will vary from 0 at C ::: Oo20 
to Oo75 times the original calculated value of P at C = Oo50o 
The correct P will therefore be up to 25% less than the measured 
value at high concentrationso 
A further error in the calculation of F1 = P/T arises 
because of an approximation in calculating T from the measured 
flow parameterso This approximation lies in the assumption 
that the component, of the total weight of particles above ~ 
195. 
plane P acting along the plane. is equal to the shear stress on 
that plane. While this equality will hold for a uniform flow 9 
in some of the exper.imental flows the bed was distorted by wav~s . 
or bumps. When this occurs, there will in general be a variation 
of pressure over the bump in the bed~> leading to a profile drago 
From observations of the bed 9 an approximation to the bed wave 
shape is as followso 
This bed shape is assumed to consist of obstacles 1 o5 
inches high spaced at 5 ft centres and having a value of 
c-0 = Oo20o For a fluid velocity relative to the obstacle of 
10 ft per second, and using the data obtained for full flow with 
~inch pea gravel~> a reduction in T of 20% is obtained. 
The two errors considered above (reduction in P caused by 
suspension and reduction in T caused by bed waves) act in opposite 
ways on w1 , so that the total effect of the two errors will be 
less than the effect of the larger of the two errors acting by 
itself. It is 9 therefore 9 unlikely that the total error in 
calculating F1 from the two effects will exceed ~20% at high 
values of concentration. 
Discussion of Theoretical Model 
From the above discussion, it is expec ted that measured 
values of F1 obtained using the flume will be within ±20% of the 
true value of F1 o Confirmation of the flume results is obtained 
from Bagnoldfs work which gives values of F1 agreeing mode rately 
196. 
~ell ~ith the flume results as shown in Figo (7=3)o Howeverp 
for _high concentrations, the values of F1 predicted in Chapter 3 
from a theoretical analysi.s are less than half the values of F1 
obtained using the flume. It is therefore evident that either 
the analysis or the model (or possibly both) is inaccurate. 
In developing the theory predicting F1 P a number of 
approximationswere madewhen allowing for the effect of the 
fluid. As, however, the fluid did not have a large effect on 
F1 at high concentrations, errors in this part of the theory 
cannot explain the large discrepancy noted above. The model 
used to describe the particle- particle interaction must therefore 
be inaccurate o 
Cluster Formation 
Two important mechanisms that are expected to affect F1 will 
now be discussedo Both of these mechanisms are related to the 
difference in behaviour on contact between the real and ideal 
particles o In Chapter 3, the results of the analysis of rigid 
elastic spheres have been usedo An important impl.ication of 
this model is that all collisions will be instantaneous andp in 
consequencep all collisions will occur between two particles 
only. In a real fluid- particle system, there is a loss of 
energy at collision and also a tendency for particles to rest 
one on the other. to form groups or "clusters" of particles. 
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Another important property of real particle systems is 
the ability of t he particles to slide or roll over each othero 
The clusters of particles are therefore capable of distortion 
under shear flow 9 behaving in a similar manner to a slowly 
sheared volume of packed sphereso This sliding or rolling 
action will bec ome significant when the cluster size is large 9 
a condition occur~ing at h-igh concentrations, particularly in 
the close neighbourhood of a solid boundaryo For a well 
graded granular soil 9 under a slow rate of strain, F1 is about 
2o1 and for unifonn spheres is expected to be rather moreo 
It is apparent from the above discussion that a satisfactory 
model of high concentration fluid- particle shear flows will 
tal<e into account the fonnation of clusters and include sliding 
and rolling act ion of the particleso 
In the model developed in Chapter 3, energy dissipation 
is assumed to occur in particle-particle collision as a result 
of change i n the velocities along the line joining the centres 
of the particleso This assumption is equivalent to assuming 
perfectly smooth particle surfaceso 
One refinement in the analysis that will now be considered 
is the inclusion of a tenn allowing for the loss in energy 
caused by the c hange in velocities nonnal to the join of the 
particle centres and also the c hange in rotational kinetic 
energyo 
eonsider two colliding particles of radii r and radii of 
gyration Kr o ~ Velocities of the particle centres just before 
collision will be v.b1 and Vb2 along the line joining the 
particle centres and ub1 and ub2 in the direction perpen= 
dicular to this joino The angular velocities will be 
zb1 and zb2/r~ the positive directions being as shown by the 
arrows in Figo {7=1)o 
Figo (7=1} 
The velocities, after collision 9 will be denoted by the 
suffix "a" (ua1 P for example) and it will be assumed ·that the 
relative tangential velocities are ~ero after collisiono 
Three equations for the conservation of linear and angular 
momentum and one for the zero relative tangential velocities 
after COllision are given belQW 0 
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Equations (7- 9) can be simplified by the operators S and A 
where Sx = x1 + x2 and~ = x1 ~ x2 to give 
su = sub a 
sz 
a = 
Szt b (7=1 0) 
su = sz = (Aub + k2.6Zb)/(1 + k2 ) 0 a a 
It follows from (7-10) that the energy dissipatedp Nt 9 
by the change in U and Z is given by 
(7=11) 
where m is the mass of each sphereo 
For a sphere of uniform density 9 k = 0~5 and from 
(7- 11 ); 
Tl)e mean value of E"t for a large number of collisions 
of particles similar to those descrJ.bed ab.uve is given by 
(7=13) 
If A Zb and A Ub are uncorrela ted random variables of mean 
value zero, the l as t term in ' equation (7=1.3) will be zerop and 9 
if ,}-'zb = .A2 Ub 11 an estimate pf Et is given by 
(7=14) 
2 To u se equation (7=1 4) 11 t he value of A Ub must be knowno 
At low concentrations~ the particles will be colliding in a 
random manner and it is expected that the mean values of the 
two components of velocity U and V will be equalo It f'ollows 
from eqqation (3-1 9) that the mean difference between the 
velocity components9 u9 is equal to 2 sand by substi tution 
in (7- 14) it can be shown that the value of K2 will be 
i ncreased by a factor of 1 o2 whe re K2 is defined as the energy 
2 
lost per collision divided by ms • 
Increasing the concentration leads to a restric tion in the 
possible particle paths and in collisions the relative velocity 
along the line of centres wil l be greater than t he relative 
velocity normal to the lines of centres. This effect 
will mean that tne absolute change in K2 will be reduced andv 
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as the magnitude of K2 calculated in Chapter .3 is increas ing 11 
the proportional change in K2 will be reduced still furthero 
At very high concentrations, the change in K2 can be neglec t ed 
completelyo 
The viscosity of a system of perfectly rough partic les 
is given by Hirschfelder (10) for a low concent ration and i s 
only slightly different from that for perfectly smooth part = 
icleso 
Upon collision 9 the tangential ve locities of per f ecctly 
smooth particles are unaltered P whereas for perfectly rough 
particles the relative tangenti a l velocity is reversedo As 
the relative tangential velocity of the real particles is 
expected to be reduced to zero P a condition intermediate 
between the smooth and rough models described above 9 th e vis= 
cosi ty will be taken as the mean of the perfectly smooth and. 
perfectly rough values obta.ined by Hirsc hfeldero 
If the above- described corrections for energy dissipation 
and viscosity are applied to equations (3-68) and (3~69) 9 we 
obtain a new value of F79 Oo64 times the value calculated from 
equation (3-70) for values of C< Oo15o As the corrections a re 
negligible at high concentrations 9 F7 will not be altered at 
high concentrationso The factor F8 will also be altered i n 
the above model, but, as discussed bel'ow 9 the form of thi s 
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al te ration is not known, An exact correction to F1 = F7/(1 + F8 ) 
cannot therefore be obtainedo If ~~is reduced 9 then 9 from 
equations (3 - 82) and (3- 83) 9 F8 will be increased and conse= 
quently F1 will be reduced by a greater proportion than F7o 
From Figo (7- 3) 9 it can be seen that a reduction in F1 
will improve the agreement between theory and experiment for 
Such agreement. may be in part fortuitous as 9 in 
the region where C < Oo2p large scale turbulence is believed to 
existo 
,Com.Q.C!~.t§OllJ?,f.....Resul,ls for F 3 
The experimental results obtained for T/ ~so2 (du/dy)2 
(denoted by F.;l by Bagnold, Miller and the writer (Figo 7=2} 
show considerable scatter, particularly at high concentrations o 
Measurement of F3 is more easily accomplished accurately in an 
apparatus of the type used by Miller and Bagnold, but there is 
a large discrepancy between their results as shown in Figo (7=4), 
The theory developed in Chapter 3 gives values of F3 generally 
greater than most values obtained experimentally 9 but the 
general form of the results is similar to that obtained by 
Bagnoldo There is considerable scatter in the results obtained 
from the flume, particularly at high particle concentrationso 
Experimental Inaccuracies in F3 
Experimental values of F
3 
were determined by measuring 
0 du C d T f · f ~s9 , dYP an as unctlons o Yo Measurements of 
C 9 T and ~s have been considered in a previous section of 
this chaptero The value of o2 used in calculating F3 was 
the average value of o2 weighted according to the mass of 
rna terial within each size rangeo As the gradings fo r all 
types of material were similar 9 errors in t his method of 
estimation would not affect the relative r esults fo r differen t 
materials but only modify the experimenta l results by a constant 
factor. 
The value of the velocity gradient du/dy was obtained by 
measurement of the gradient of the u - y curveo Measuremen t 
of u is discussed in Chapters 4P 5 and 8o It was found that 
large changes in du/dy occurred within small inter vals of y~ 
Near the bed, high concentrations and low fluid velocities 
accentuated the inaccuracies of measurement s made by means of 
pitot-static tubes. The results were further complicated by 
the fluctuations in bed levelo 
Manometer tubes were used during the ~ inch - ~ inch gravel 
runs, and difficulty was experienced in obtaining readings for 
small velocities. 
Because photographic methods were used to obta in the 
velocity profiles during the two ~ inch pea gravel runs~ these 
two velocity profiles are expected to be the most accurate ones 
obtained. Errors of about 20% in velocity gradients could 
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have occurred in obtaining (du/dy) from the photographic set 
of velocity measurementsg Figso (6~20) and (6=21)o 
lead to errors of 45% in the values of F3o 
This would 
A correction toT, allowing for the profile drag of the bed 
formations, has been discussed in a previous section of this 
Ghapter and, for the~ inch pea gravel, is expected to be a 
reduction of about 2o% o Experimental values of F3 for ~ inch 
pea gr.ave.l should t .berefore .be reduc.e.d .by a factor of Oo8o 
Discussion of Theoretical Model of F3 
In a previous section of this chapter, consideration has 
been given to the possibility of the formation of clusters 9 as 
well as to a correction to improve the energy equation at low 
concentrationso ffoth these effects will alter the predicted 
values of F .3 o 
An increase in K2 and therefore f 2 will 9 from equation (7~6) 9 
reduce F2 and therefore F3 o Applying to f 1 and r2 the correc~ 
tion allowing for a rough particle will give at low concentra~ 
tions a theoretical value of F39 Oo7 times the value predicted 
in Chapter .3~ but at high concentrations this correction will 
be small o 
It i~ not possible to determine the effect of cluster 
formation on the value of F3 o As an approximation, we can 
consider the syqtem of clusters as equivalent to a system of 
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larger particles of diameter D 9 • • If the clusters were rigid 9 
F ld b . d 11-.y ('D''/D) 2 o H the value of 3 wou e 1ncrease ~ owever 9 the 
clusters are not rigid 9 but free to distort. Shear stresses 
set up causing sliding of the particles in the particle clusters 
will not be proportional to (du/dy) but will be proportional 
to the direct stress between the particles in the clusters. 
It follows that F ~ will be a function of dv/dy, generally 
decreasing with increasing du/dy. The distort~on of the 
clusters will reduce f 2 and increase f 1 9 both these effects 
tending to reduce F3 from the rigid cluster value. 
Determination of the total effect of cluster formation 
would require a knowledge of the cluster size as a function of 
the flow geometryo It is expected that the particle must be 
in contact for a high proportion of time in order to form large 
clusters. 
A large difference between the experimental curve of F3 
as a function of C obtained by Bagnold and that obtained by 
Miller is not easily explained, but could be partly caused by 
the effect of apparatus size on the formation and behaviour of 
particle clusters 9 and the effect of the rigid boundaries on 
the flOWo 
Summary of Conclusions Relating to_f1 and F3 
&xperimental values of F1 obtained using the flume agreed 
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closely with those obtained by Bagnold. 
A particle model based on the collision of rigid elastic 
spheres losing energy on collision proportional to the square 
of the velocity along the line of centres is not accurate. 
Absolute values of error rather greater than 1 0~ occur and 9 
even more serious, the sign of the gradient dF1/dC is not 
predicted correctlyo 
A modification to the energy equation to give a more 
accurate representation of the expected particle behaviour is 
included and caused the theoretical curve to conform moderately 
well with experimental results from the flume for low particle 
concentrations o This same correction a~so improv~d the 
agreement between the theoretical F3 and Miller's and Bagnoldfs 
experiments for C < 0 • .3 o 
Modification of the model to include the finite particle 
contact times and the consequent formation of groups of 
particles rolling and sliding over one another is cons ide red 
generally, and would improve the prediction for F1 ; the effect 
on F3 has not been ca~culatedo 
The model used did not require any arbitrary constants to 
fit the results to experimental data and therefore was given 
a rigorous check. 
PREDICTION OF CONCENTRATION ANP VELOCITY PROFILES 
. . ' . . . 
Introduction 
-
It has been shown that, for high Reynolds numbers and a 
deep bed movem~nt, the velocity and concentration profiles for 
the bed region of a steady unifonn flow can be predictedo 
To obtain th~se profil~s, both the concentration, C, and 
F1 must be known at some reference level, and ~t has been 
shown that these values vary only within a narrow rang~ at the 
bottom of the moving bedo Consequently, the bottom of the 
moving bed can be used as a reference lev~l from which the 
complete profiles can be obtainedo 
It has been shown in Chapter 2 that, when F1 is dependent 
on C alone for a given flow, the solution of the con~entration 
'- depth profile reduces to the solution of a first order 
differential equation . 
In this section, the application and limitations of the 
inethod are examined with pa.rticula.~ reference to the results 
obtained using the flume o 
B~undary Conditions 
For all experimental runs carrieQ out with the flume, the 
concentration, c, at the bottom of the moving bed was within 
the range o.53 > C > 0.60 and the parameter F1 was within the 
208o 
It can be seen from the above that F1 and C varied over 
only a narrow range of values at the bottom of the moving bedo 
Consequently 9 there will be little difficulty in using a s 
reference points in obtaining the velocity and concentration 
profiles the values of F1 and C at this level~ 
Uniqueness of F11£1 
In all the experimental runs carried out with the flum e 9 
the values of F1 (c) all fell within a narrow band for 
OeO < C < Oe2. 9 while for C > O'o2 the experimental results dive r ged 
as shown in Figo. (7~5) o In the r egion C > Oo2, the value of 
F1 increased with increase in T* = T/(;o5 =~r)g Do 
Bagnold 0 s results could be considered to apply to 'lr_. ~ oo 
and consequently form an upper limit to F1 o 
One cause of the de pendenc e of F1 on the value of T* is 
the dependenc e of F1 on the gradient of the stresses~ concen~ 
tra tion and random veloci t:.y fluctuation, this gradient inc r easing 
for small values of T* 9 
In practice, it should be possible 9 given a restricted 
set of conditions, to select a curve of F1 depending on the 
value of T* and hence obtain the required profiles by simple 
integration of a first order equation~ As used in such a 
method 9 F1 is no longer a local parameter but depends on ~. 
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at the bedo 
In the flume experimentsp T* varied over the range 
Oo48< T*< 1 o1 6 and the maximum variation in F1 with T* i n 
this range was Oo8 occurring for Oo.38 <. C < Oo54o, The general 
fonn of F1 (C) for various values of T can be seen in 
Fig .,_ (:7 ~5 ) " 
Uniqueness of F3 
Experimental curves for F .3 as a function of C show a larg~ 
sea tter as seen in Fig o (7=4) and , in particular~> that obt a i ne d 
using ~ inch = ~ inch grave l is very different f r om a ny o f 
the othe r so Inaccurac.ies in measurement are believed t o 
account for some of the discrepancy ~> particularly for the 
~ inch ~ ~ inch gravels Of the four remaining s e t s of 
results obtained using the f lume 51 the two sets relating t o t he 
~ inch pea gravel are conside red the most a ccurateo These 
two set s of results show F3 increasing with increase in~*~ a 
result consistent with the assump t ion that Bagnold~s curve 
represents 'IT'*~ co. 
However 9 bec ause of the large experimental erra r s invol ved 
(as discussed in a previoqs sec t ion) 9 the experimen tal res u l t s 
for F.3 are not thought to be conc.lus i veo 
Derivation of a Local Equation in Regions 
of Rapid Change 
It has been shown experimentally that the F1 (c) and 
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F3 (c) curves are certainly dependent upon the rate of change 
of the flow parameters 9 for T* < 1 .2, and probably to a lesser 
extent for T* > 1 .2. Many flow situations of interest lie 
within the range OoO( '11*< 1 .. 2 and, if a general theory is to 
be developed, it must include the effect of graqients trans-
verse to the flow in the concentration C ,. ~nd random fluctuating 
-velocity So A brief discussion of some of these effects 
follows. 
Clu~ter Formation 
Cluster formation will be affected by the gradient of 
concentration and the gradient of direct stress and will alter 
the equations for F 1 and F 3 o As clusters of pqfticles can 
span a greater depth than single particles, their effect at a 
given level may be significantly cont~lled by the system 
behaviour at a level some distance away. 
Variation in Mean Free Path 
In the theory developed in Chapter 3, the mean free path 
of the particles is considereq to be independent of direotion o 
If the concentration gradient is large, however, the mean free 
patn will be greatest in the direction of maximum negative 
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concentration gradiento A large velocity gradient might 
significantly distort the distribution of the mean free path 
as a f~~tion of directiono 
Effect of_a Gradient of _i 
If s is a function of y 9 there will, in general 11 be twq .. 
effects on the flow systeme One is the dispersion of energy 
between different levels and the other is the effect on t he 
viscosity of the systemo 
Considering the latter effect first, Hirschfelder eto al 
('10 11 Po495) give a set of two equations for the stress/rate 
of strain relation in a dilute gas 9 assumed to consist of 
rigid elastic s pheres, including in these equations t he eft~ect 
of an energy gradiento If the pressure is p 11 then 9 fo r a 
parallel unifonn flow in the x directionp the xy s hear stress 
is given from these equations as 
(7-15) 
In (7-15) 11 A is the conductivity and p the viscosity for 
a simple dilute gas o It can be seen th<;tt S' for a uniform flow 
?N "Xr. 
system 9 Txy is given by =f'ay.; to the accurac y of (7- 15)o A 
further deduc tion from Hirschfeldervs equations is that 
In deriving the energy equation (7- 4) 9 the energy 
dissipa ted per unit volume in any region was equated to 
T ~~ Q If the energy flux q is significant 9 equation 
(7~4) should be replaced by 
T (£Ldyu) -- _3 f / dn ~8s 2 D * ........,. o dy 
From Hirschfelder eto al (10), it can be showr that 
1 k A :: 4C ( y + 1 o2 + 0 o 15 5Y) 5o 4 7 m 
or, using a new function of C p f 49 
(7=16) 
(7=17) 
Equation {7~17) applies to a gas of rough elastic spheres where 
the dilute gas viscosity 9 f' , is given from (3-8) by 
Noting that q = -.A ddTye 9 it fo llows from (3=7) and 
~7-17) that 
1T d 2 
q = =5Q47 r4 ~Pd'Y <s) 0 
Substituting from (7=18 ) gives 
(7=18) 
(7=20) 
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Substituting for m in t erms of ;o9 and D ~ t hen sqbsti tu ting 
(7-20) i n ( 7=1 6} gives us t he ~odified energy .equatiorr 
(7=21 )~ 
One reg.:f.on where the ene rgy 'flux is .important is the 
region close to the bedo If 9 as predic ted in the t heory 
developed in Chap t er 3 9 a la r ge negative concentrati on gradient 
exists jus t above the bed!) equation (3=16) implies a l arge 
=3 positive gradient of i and the refore of s o 
Conside r t he region close to th~ bed wit h concent ra t ion 
2 
and s profiles as shown in F.igo (7=2) o 
y 
c & s 
Fi g o (7=2) 
There will be a flow of ene rgy from the regions above t he 
bed downwards to the region c lose t o the bed and s and there= 
fore Fz and F7 at the bed wi ll be great e r th~n a s i mple 
analysis would .indicateQ 
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Methods developed in Chapter 2 enable the concentr~tion 
profile to be found using F1 curves that are functions of 
T"* = T/~;o5- ;af)g D at the top of the fixed bedo 
Experimental results for F1 as a functi on of C' and T 
obtained using an open cnannel flow and in the range 
Oo45 < T < 1 o1 6 s howed little scattero 
More general methods of obtaining F1 and F3 require the 
solution of the local equations whe r e the gradient of concen= 
tra tion and energy .is significan te 
Because of the difficult ·meas urements required 9 partic-
ularly with the type of apparatus employed (a flume)P the 
experimental results obtained for F) show much more scatter 
than those obtained for F1 o 
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CHAPTER. 8 
CONCLUSIONS~THE ~EHAVIOUR Of., AND 
POSSIBLE MODIFICATIONS TOt THE AfPARALU~ 
2161\)> 
After carrying out the experimental programme described 
in Chapter 5~ the following conclusions were reachedo These 
conclusions apply to changes that are expected to .improve the 
results of future work, or make such work eas.ier to carry outo 
Modifications that would be advantageous for other types of 
work are also noted0 The first i tern discussed is the 'flUine 9 
whichll after initial modifications 9 performed satisfactorilyo 
Next 9 the concentration meter is covered in some detail as 
this item of apparatus is believed capable of further develop= 
~ent 9 but~ even in its present state 9 proved a very usefu] 
toolo Fluid velocity and pressure measurement are then 
discussed and it is concluded that 9 in general~ the methods 
employed were not satisfactory, in pat,ticularll the methods 
used to analyse the results need to be improvedo Finally 9 
the stone velocity measuring technique is mentioned and here 
the method used was very tedious although moderately accura teo 
FLUME 
Initially 9 fluid ~nd _ gravel were passing through the &xial 
flow pump and, after 20 hours, the wear on the pump was found 
to be excessiveo After modification of the pumping arrange~ 
ments and the introduction of a jet pump system to pump the 
particles, _no further pump trouble was experiencedo The 
.3/16 inch thick pipes and bends were examined after 20 hours 
running and no measurable wear had occurredo After about 
60 hours ~unningp all the paint was stripped off the floor o~ 
the head tank and noticeable wear was apparent on some temp= 
orary vanes in the tankQ Polyurethane paint was used to 
protect the ~ild steel deck and side panelso This pain t 
failed wl)erever the particles were moving along the surface~ 
and, further 9 the plate glass was given a sand-blasted effect 
at the level of the moving bedQ However, the roughening of 
the glass d.id not seriously affect the photographyo It was 
concluded thatp as this was the most arduous duty likely to 
be required of it~ the flume was, with the exception of the 
paintwork, _satisfactory from the wear point of viewo 
Vi bra ti.Q!! 
Initially the flume vibrated about the hinge support at 
a low frequency in a horizontal planeo The amplitude of this 
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vibration was ap~ut 1 inch at the head tanko This fault was 
remedied by clamping the flume to the support furthest from 
the hinge or to the laboratory structural frame close to the 
head tanko The vibration of the end of the flume made 
sealing the last panel a problem and stiffening as shown in 
Figo (8·~1) , would be beneficia~o 
' . . 
Bydraulic Design 
In the initial design, the pump intake was designed to 
prevent gravel deposits from fonningo As no coarse material 
is now passed through the pump 9 the inlet would be better 
enlarged as shown in Figo (8-1)o From measurements made while 
the flume was in use, it is calculated that this modification 
would increas_e the maximum flow by about 25 per cento Minor 
changes were made at the pipe bends during the experiments and 
no significant improvement could be expected hereo The flow 
conditions at the head tank were very vigorous and the flow 
was normally allowed to pass more or less unrestricted into 
the f~ume channelo A bank was formed about 10ft from the 
head tank and the flow rose over this 9 slowing down to a velocity 
of about 3 - 4 ft per second before accelerating down to the 
final flume velocity of about 13 ft per secondo This bank 
was very effective in making the flow uniform across the 
channel and was also very stable in height and positiono 
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Operation and Control§. 
The flow controls were satisfactory for the particular 
experiments carried out. The motor and pump were connected 
by a sprocket and chain drive and initially various speed 
ratios were usedo However, for most of the experimental 
runs, the ratio was unaltered and the flow controlled by 
adjusting the motor speed" 
A stable flow range greater than 2 to 1 was obtainablep 
this range being limited by instability caused by boiling at 
the tips of the electrodes connected to the motor rotor 
{see Chapter 4) at low speeds. The speed range couldp if 
necessary, be increased by using a modified system of elec-
trode plates and cooling the top surface of the elec trolyte" 
The loss of water wasted to the river lim.ited the length 
of each continuous run at full flow to 2o5 hours~ as the total 
available storage of clean water was then exhaustedo 
Initially the f1 ume was tested with the full width of 
channel while horizontalo It was then lifted to its maximum 
slope and altered only once more in the course of the experi-
ment" Lifting was carried out with the assistance of the 
laboratory crane and a lifting beamo The four lifting rods 
were turned by hando The maximum rate of hand operation of 
the lifting screws was found to give about 0"01 per hour change 
in slopeo If frequent slope changes were required, a motor 
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drive on the lifting rods would be a big asseto The geom~try 
is such that a 2~1 speed ratio between the two sets of screws 
will lift the deck as a unito 
Acoustics 
In the design of the flume, no consideration wa.s given to 
controlling noiseo It was found that for full flow of 
~ inch~~ inch gravel, the noise level in regions close to 
the flume exceeded 100 decibels o Because the laboratory and 
adjacent worksh:Op were used throughout the day 9 this no.i s e 
level restricted flume operation to the evenings or week.=endso 
Persons working on the flume wore ear=muffs and oral co:mmunic = 
ation was almost impossibleo 
As the size of particles was reduced 9 the sound level was 
reduced cons.i derably s> but9 wi t.h % i.nch pea g:rave.l 9 was still 
too high for conversationo The two main sources of noise 
were at the jet pump and p1pe immediately downstream and at 
the head=tanko 
GONCEl'ITRATlON. M~ 
In its final form 9 the apparatus worked well 9 the resol= 
ution was good in the vertical direction 9 see Figo (6~2)1> 
and the sensitivity was similar to that pr·edictedo The appar= 
a tus was not sensitive enough to measure the variation of 
concentration with time at a given level" 
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Some improvement in the sensitivity at high concentrations 
would be desirable, particularly if this could be achieved 
without increasing the background counto 
The sensitivity could be improved by the following changes. 
Firstly 9 a pulse- height analyser could be used, that isp a 
counting system 9 sensitive to a selected narrow energy band. 
Such a system would reduce. the background count while leaving 
the main count practically unaltered. 
Secondly 9 any reduction in width improves the count of the 
main beam with only a slight increase in background count. An 
increase in counts by a factor of 10 at 0.6 concentration can 
be obtained for every reduction in width by 5 incheso 
Finally, the use of a different source could be of advan-
tage. Any increase in si-ze of source would also mean increased 
shielding and possibly a different system of moving the source 
into a working positiono The source could be changed by 
using a greater number of curies or a different isotope. The 
merits of a given isotope can be examined using the previous 
equations developed in Chapter 49 but in general a higher 
energy beam is better suited to high concentrations and widths. 
It is believed that an increase in sensitivity by a factor 
of at least 30 could be obtained using a larger source and a 
pulse- height analyser before the weight and bulk of shielding 
became a serious probl~., 
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The detector used contained a cylindrical crystal of 
1 inch diametero As the window facing the source was a sli.t. 
only 3/32 inch wide 9 the total area used to measure source 
photons was Oo09 square inches whereas the total crystal of area 
Oo785 square inches was detecting backgroundo Using a suitably 
s haped crystal would therefore have reduced the background 
count by a factor of Oo115o 
Counter 
The counter used was fitted with a binary electronic 
register combined with a mec hanical registero The mechanical 
register was not reliable at temperature s above 75°F 9 and 
frequent recounting was required o After discussion with the 
counter owners~ who also had two similar models in use 0 it was 
found that the fault was common to all three counterso For 
work in an open laboratory where temperature control .is d1fficult 11 
a unit able to work at temperatures above 70°F o should be used o 
The counting head is also temperature sensitive but in a 
predictable mannero 
Other Uses 
The counting apparatus could be used in the suspended load 
region or to measure air entrainmento For such work 11 where 
the change in mass between the source and detector is sma ll 11 a 
different technique would be requiredo The clean water count 
224e-
as a function of height would be required as this varies 
slightly with irregularities in the side panelso For 
instance, an increase in width of 1/16 inch in a 24 i nch 
channel is equivalent to Oo15% increase in concentrationo I f 
the 30-fold increase in sensitivity noted above were obtained 9 
the apparatus could be used to measure the variation of 
concentration with timeo 
FLUID VELOCITY AND STATIC PRESSURE MEASUREMENTS 
In reading the pitot~static tubes 9 no correction was made 
for the hydrodynamic effect of the solid particles on the 
readingso Before placing much reliance on the results~ it 
would be desirable in any future work to examine this effecto 
The stainless steel pitot tubes withstood the abrasion of 
the gravel very well and in this r espect proved satisfactoryo 
The leads connecting the pitot-static tubes to the manometers 
were about 16 ft long and 9 while longer than desired, were 
found more satisfactory than shorter leads with connections and 
valves operating below atmospheric pressureo Measurements 
were further complicated by the unsteady nature of the bed for 
most flowso The measuring system would be very much improved 
if the pressure transducers were placed close to the points of 
measurement 9 preferably on the pitot- static tube mount, just 
clear of the surface of the flowo 
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Interpretation 
Output curves derived from the single transducer were used 
to find the mean velocity only 9 wi 1h some allowance being made 
for systematic peaks as gravel waves moved past the pitot-static 
head., The results obtained were not as accurate as desired and 
a general upgrading of the equipment would be an advantage for 
future worko If . such upgrading were carried out 9 it would be 
possible to measure the velocity variation with depth ove r 
various sections of the wave along the bed., Also, the mean 
velocity in the deeper part of the bed would be determined 
more accura telyo Measurement of the deviation in sta t i c 
pressure from (r>r-g x depth) requires a much more refined 
analysis of the information than was possible w.i th the equip= 
ment usedo 
For a suspended concentration of 1% 9 there would be a head 
difference over 1Q75 inches of Oo0025 ftg and~ with a velocity 
head in the system of 2.,0 ft 9 this small difference in head 
would be very difficult to detect reliably~ With continuous 
measurement of the velocity heads and static pressure heads 9 
followed by corrections to the latter for the effect of velocity 
head, there would be some possibility of measuring the suspended 
loado Frequent calibration of the pitot static tubes would 
also be necess~ryo Only with a continuous output of all these 
measurements s~mul taneously would there be much hope of a 
successful ·analysis of the deviation of static pressure from 
the clear water hydrostatic valueo 
Another method not used in these experiments was that 
using fixed pressure tappings along the sideo Accurate work 
with this system would require a measureme~ of the velocity 
field at the sides to enable approprfute corrections to be 
appliedo 
STONE VELOCITY MEASUREMENTS 
The most important practical consideration when taki ng 
photographs under the conditions in the flume is the use of 
the maximum available lighto Ideally 9 this should be supplied 
as a rapid series of flashes, but the only available light 
source of sufficient intensity for these experiments was a 
continuous sourceo 
Experience showed that a film frequency such that the 
particles moved not more than half a diameter per frame was 
sui tableo Increase above this frequency led to difficulties 
in particle identification and also to blurring of the imageo 
Only those particles close to the side of the flume could be 
observed easilYo 
With a small scale apparatus 9 measurement of the particles 
further into the bed would be possible using transparent part~ 
icles of the same refractive index as the fluid and including 
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a small percentage of opaque particleso 
A limi ta tio·n of the photographic method used was the time 
required to analyse the photographsQ This process was not 
readily amenable to mechanization., One possible improvement 
that could be made in analysis if more light was available is 
as follows .. The film speed could be increased to give a bout 
100 frames for a complete traverse of the field of view by a 
particleo A small horizontal slit could then be viewed at a 
given height and a moving grid superimposed on this., By 
adjusting the speed of the grid to coincide with the speed of 
the particles, a mean velocity of the particles could be 
obtainedo 
The Baur "sun=gun" was found to be much superior to the 
photo-floods for this type of work and sufficient light to speed 
up the film and improve the image could be obtained with a bank 
of quartz iodine bulbs similar to those used in the sun-guno 
Briefly 9 the methods used for stone velocity measurement 
were satisfactory but tedious and time-consuming and, if much 
work of this nature were undertaken 9 it would be advisable to 
develop improved apparatus. 
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CHAPTER. ,.2. 
SUMMARY OF AND POSSI~LE EXTENSIO!§. 
TO THE W RK 
SYNOPS-IS' 
This chapter discusses the results and conclusions of t~e 
work detailed in Chapters 1 to 8, particularly from the point 
of view of extending and improving the results obtainedo 
Theoretical extensions are discussed first, followed by 
experimental developments~ It is concluded that the most 
desirable programme would proceed with further developments 
to the local equations describing the behaviour of a fluid 
particle system at a point~ before attempting to ext end the 
methods to solve particular problemso 
A brief surrunary of the thesis results relevant to future 
extensions of the work constitutes the beginning of this 
chapter .. This summary is followed by a discussion of future 
developments of the local equations and :the manner in which 
these· equations may be applied to particular problems o 
SUMMARY OF RESULTS' 
Fluid particle systems have, in the past, been analysed 
by consi~ering the fluid to behave in the same manner as it 
would if the bed were fixed~ and the important forces on the 
particles to be essentially those acting on fixed particleso 
Movement is assumed to take place by particles jumping or 
rolling forward over the essentially fixed bed 9 the initiation 
of all these movements taking place at a single surface above 
which there is a fluid system and below which there is a f i xed 
bed of particleso Such an approach is denoted in this thes~ ~ 
a "singie surface" approacho T.he resul t ant particle mov~ment 
has been examined previously 9 .:-;~s in Einstein 91 s or Kalinske Vts 
work . In this thesis 9 how~ver 9 the single surf ace approach 
isi not used and instead the behavi our of a more or l ess 
uniform system of particles in a fluid is consideredo 
In the single surf ac e approach 9 where a stream of f luid 
is assumed to act on a nearly stationary bed of particles 9 t he 
fluid behaviour is generally considered independent of the 
particle behaviour 9 and the approach does not include a ny 
method of obtaining the velocity or concentration distribution 
in the direction normal to the bed in the bed regiono As i t 
is shown in this thesis that a layer of particles many diameters 
thick can exist where the concentration will be greater than 
0.2 (C > 0 . 2)' and that this :thick bed influences the total 
fluid and solid flow rates for a given total depth 9 this single 
surface approach will not always be satisfactoryo 
Another reason: for obtaining the concentrati on profile 
near the bed arises from the form of solution of the suspended 
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This solution relates the concentration at 
any depth to the concentration at sane reference depth 9 this 
latter concentration necessarily being obtained by some other 
meanso 
At the opposite extreme to the single surface approach is 
the approach used in this thesis, where a model is set up for 
local stresses in a fluid particl e sys tern, such a model being 
based on only gradual variations in concentrations, etco 9 with 
distance along a line normal to the planes of constant concen-
trationo· It has been shown in the thesis that 9 if these 
local equations are known, sufficient boundary conditions can 
normally be found to enable the complete concentration and 
velocity profiles to be found for the bed region. 
It is shown in Chapter 2 that 9 if the parameter F1 = P/Tt 
is a function of C alone, the equation for C as a function of 
y reduces to the solution of a first-order differential equationo 
Experimental results obtained from the flume show that 
r 1 is dependent on T* = Tt/g D (;os-l'f) and therefore on the 
transverse gradient of either Co~ Tt for values ofT*< 1 o2 51 
particularly when C > 0.3 .. 
In Chapter 3, a model of particle behaviour in a uniform 
dC 
system <ay = 0) has been used to calculate F1 (€) and F3 (c). 
The parameter F1 (c) in particular does not behave as calculated 
for C > Oe~3o It appears that for C > 0.3 the mechanism of 
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momentum transfer used in the theory, that of instantaneOU$ 
collisions 1 is inadequate; a model more closely representing 
the actual physical situation must be usedo 
DEVELOPMENT OF A MORE REFINE!LMODEL 
In the existing model 9 the viscosity 1 dispersive pressure 
and mean free pat·h calculations are based on results ol;>tained 
by considering collisions between elastic smooth sphereso 
The only mechanism of momentum transfer considered in thi s 
model is the two- body collisiono An improvement in the model 
would include a more realistic force function between the 
molecules~ such function allowing three or more body collision s 
to be consideredo In reality 1 the velocity of separation of 
particles will, in general 9 b e much smaller than the veloci t y 
of approacho Close to the bed, a large number of particles 
may be in contact at any given time, allowing a rolling or 
sliding action to occuro 
From the results obtained, it appears that inclusion of 
these multi=body effects is required if an accurate determin-
ation of F1 (c) is to be obtainedo 
ForT~< 1o2 9 which would be a common condition in many 
real problems , the solution is dependent upon the gradient of 
concentration and, in consequence 9 the model should allow for 
such a variation~ One effect of dC/dy i 0 is to make the 
mean free path vary with direction, that is 9 the mean free pat~ 
of a particle will b~ greater if the particle goes upwards than 
if it moves downwards~ 
Unfortunately 9 the extensions outlined above will ser~ 
iously complicate any analytical solution and, at present 9 
considerable approximation will be necessary in finding a 
mathematical solutiono 
IMPROVEMENTS IN THE MODEL ANALYSIS 
In the existing model~ the smooth elastic sphere results 
were used with approximate corrections for the inelasti.c 
nature of the spheres., A better analysis would start w1th 
the inelastic collisions and continue to obtain the final 
solution from that basiso However, as the model still 
requires modification, as described in the prevj,ous sect.iong 
an increase in mathematical ac·curacy would be warranted only 
if it could be applied to an improved model of particle 
behaviouro 
It is doubtful whether a much more accurate mathematical 
approach than has been used in this thesis would be possible 
when analysing a more difficult model including the effect 
of dC/dy, inelastic collisions and multi-body effectso 
EXPERIMENTAL DEVELOPMENTS 
Numerical 
It has been noted that a complet~ analytical solution of 
the real problem appears unattainable at presentQ One 
method that has been used in the study of gas molecules is 
that of computer simulation, using a numerical modelo In 
ODe example, Rahman (19 9 p·o573) in 1964 studied a three 
dimensional model containing just over 890 particles with a 
force potential between the particles depending on two constants 
and the centre to centre distance between the particlesQ 
It is believed that, using more modern c0mputers 9 a larger 
number of particles could be studied, particularly if the 
particles were affected only by their immediate neighbourso 
Such a method could be used to directly ex~ine F1 and F3 for 
various conditions and also to check the approximations required 
in any analytical solutiono 
In the writer 9 s opinion, the development of a numerical 
model should be one of the next steps taken in examining the 
local equationso 
Two immediate advantages of numerical ~periments rather 
than physical ones are, firstly 9 that the difficult measurement 
of particle velocities is avoided and, secondly, that flow 
parameters and boundary conditions can more easily be alteredo 
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.ttwsical 
Physical experiments can be divided into two categori~sp 
firstly, those examining in detail the behaviour of two particles 
or some small component of the system, and, secondlyp those 
in which a complete fluid particle system is operated (as in 
the flume)o 
If a detailed numerical simulation experiment or a more 
exact analytical process is to be carried out, the behaviour 
of two particles approaching each other must be understood. 
The relation between the inter- particle force and the separationp 
translational and angular velocities of two particles must be 
known. 
Another subject that could be examined, particularly as 
the analysis is extended to low concentrations~ is the unsteady 
fluid~particle behaviour with various types of particleso 
On a large scale, the experiments carried out in the flume 
are limited to T* < 1 oO if unifonn flows at large values of 
~/;of are required at high Reynolds numbers. In experiments 
on the capacity of steel pipelines carrying solids, Condolios 
and Chapus (20) noted that the bed remained essentially plane 
for a wide range of flowso It is suggested that higher 
values of T* can be obtained for large .Re and ~/;of by using 
a closed conduit, with sui table equipment for measuring the 
shear stress on the walls and top of the conduit. 
Such large scale experiments will be necessary if the 
effects of the fluid turbulerc e are significant, as in thif? 
case the bed ,behaviour may depend on ·the overall geometry of 
the systemo In the flume experiments 9 F1 was a single valueq 
function of C for all sizes of particle in the low concentration 
region, showing that in these experiments the flow depth to 
particle diameter ratio did not affect the concentration 
profile at low concentrationso 
APPLICATION OF. THE LOCAL . EQ.UATJONS 
The equations for F 1 and F 3 are only useful i n the end 
result if they can 'be applied to the solution of the concen~ 
tration and velocity profilesQ It is considered that the 
important requirements at present are to obtain these functions 
more accuratelY, and for a more general case than has been 
studied in this thesiso 
I 
Only then should application of these 
equations be further developed as the methods of application 9 
essentially the solution of differential equations, w~ll depend 
It has been shown t .ha t for a 
particular fonnp namelyp dependence on C only~ a simple method 
of solution for the concentration and velocity profiles is 
availableo 
Extension of the local equations to non~uniform situations 
will be required if the open channel flow case is to be solvedo 
This extension is required to enable the bed oscillations to be 
exal!lined" Variation in a system can be considered to be slow 
if the system at any point can be analysed as a steady uniform 
systemo On the otrer hand, a fast variation will be one in 
which the system is distorted significantly from the steady 
state in order to apply a restoring process causing the system 
to changeo The bed waves on the flume were believed to be 
variations of the fast type, as might also be flow around piles 
in a ri vero An example of slow variation in the above context 
would be the normal changes in direction and overall cross-
section in a r:ivero 
SUMMARY 
It is suggested that the solution of particle- fluid 
problems may in some situations be best handled by the use of 
local equations of the type defining F1 and FJ" Such an 
approach has the advantage of generalising the problem to include 
a wide range of specific problems under one system of solutiono 
Further work is required to develop such local equations before 
the method can be used to handle actual problems reliably and 
accurately" 
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